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Geometrically Nonlinear Theory of Initially Imperfect Sandwich
Curved Panels Incorporating Nonclassical Effects
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A comprehensive geometrically nonlinear theory of initially imperfect doubly curved sandwich shells is devel-
oped. The theory encompasses sandwich structures with dissimilar face sheets constructed of laminate composites

and with the core modeled as an orthotropic body featuring strong or soft behaviors. The theory includes the
dynamic as well as the temperature and moisture effects. As a special case, a range of related applications of the

theory of sandwich shells with soft core are presented. These involve the buckling and postbuckling of ¯ at and
circular cylindrical shells compressed by uniaxiallyedge loads, and the in¯ uence played in this respect by a number

of geometrical and physicalparameters is highlighted.Also contained are comparisonsof bucklingresults obtained
in the context of the present theoretical model with the ones obtained experimentally, and reasonable agreements

are reported.

Nomenclature
A x q , A ¤x q = stiffness quantities associated with the facings

and their inverted counterparts, respectively
a = the distance between the global midsurface and

the midsurface of facings
B x q , D x q , Fx q = stiffness quantities associated with the facings
C1 , C2 = geometrical quantities [Eqs. (26)]
c a b = two-dimensional permutation symbol
E1 , E2 = in-plane Young’s moduli
ei j = three-dimensionalstrain tensor
ÅG13, ÅG23 = transverse shear moduli of the core
ÃHa b HÃÃa b , L a b = modi® ed stress couple measures [Eqs. (19)]

h, Åh, H = thickness of the facings, that of the core, and the
total thickness of the structure, respectively

k, k1 = measures of transverse shear ¯ exibility for the
entire structure in the case of isotropic faces and
transversely isotropic core and of orthotropic
faces and orthotropic core, respectively

L1 , L2 = length and width of the ¯ at/curved panel
M a b , N a b = stress couples and stress resultants measures

[Eqs. (20) and (21)]
ÅN13, ÅN23 = transverse shear stress resultants associated with

the core

N11 , N22 = dimensionless form of the normal edge loads
Q i j , ÃQ i j = elastic moduli and their modi® ed counterparts,

respectively
ÅQ44 , ÅQ55 = transverse shear moduli associated with the core

q3 = transverse load
R1 , R2 = principal radii of curvature of the global

midsurface
r = dimensionless thickness ratio
Si j = second Piola±Kirchhoff stress tensor
v3 , v±3 = transversal de¯ ection and initial geometric

imperfection, respectively
x a , x3 = tangential and the thicknesswise coordinate,

respectively
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a 2 = measure of the curvature of the circular
cylindrical panel

D 1 = end-shorteningin the x1 direction
d mn , d±mn = dimensionless amplitude of transverse

de¯ ection and initial geometric imperfections,
respectively

²i j = two-dimensional strain measures
Ãk i j , Ãl i j = reduced thermal expansion and moisture

swelling coef® cients, respectively
k m , l n = m p / L1 , n p / L2

n a , g a = two-dimensional tangential displacement
measures [Eqs. (8)]

u = Airy’s potential function
w = panel aspect ratio

Subscripts, Superscripts, and Underscoring Signs

( ¢ ) f , ( ¢ )c = quantities associated with the face and core
layers, respectively

( ¢ ), i = @( ¢ )/ @xi

( ¢ ),n , ( ¢ ), t = derivitives of ( ¢ ) with respect to the coordinates
normal and tangential to an edge, respectively

( ¢ ) 0 , ( ¢ ) 0 0 , Å( ¢ ) = quantities af® liated with the bottom, upper, and
core layers, respectively

(
Ä¢ ) = prescribed quantity

Introduction

T HE next generationof supersonic/hypersonic¯ ight and launch
vehicles has to be designed to meet increasingly stringent per-

formance requirements. They are likely to operate in hostile en-
vironments consisting of high temperature, moisture, and pressure
® elds. Moreover, thesevehicleswill typicallyexperiencethese load-
ings in a dynamic environment. Of great promise toward the suc-
cessful solution of a number of technical challenges raised by the
design of these advanced space vehicles is the ongoing integration
in their construction of composite material systems. In this sense,
the sandwich-type constructionscan be viewed as a special type of
laminated composite structures.

The sandwich structures encompass a number of properties of
exceptional importance toward ful® llment of the high exigencies
imposed upon these vehicles. Among others they feature 1) high
bending stiffness characteristicswith little resultant weight penalty,
2) a smootheraerodynamicsurfacein a higher-speedrange,3) excel-
lent thermal and sound insulationand increased strength at elevated
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temperatures, and 4) a longer operational time as compared with
stiffened-reinforcedstructures that are weakenedby the appearance
of stress concentration.

Characteristicfor the standard sandwich-typeconstructionscom-
posed traditionally of a thick core and two identical metallic thin
face layers is their capacity to carry the various load components in
a specialized way; in the sense that the bending moments are pre-
dominatelytaken up as tensileand compressivestresses in the faces,
whereas the core is designated to carry transverse forces in terms
of shear stresses. The possibility to design the faces and the core
according to their speci® c needs yields the high overall stiffness and
strength per unit weight of such constructions.

However, exact separation of tasks, as considered in their classi-
cal modelings, becomes questionable when dealing with advanced
sandwich-type constructions. Increasing core stiffness can signif-
icantly contribute to the overall membrane and bending stiffness
while the increasing integration of anisotropic composite materials
in the relatively thick face layers should be followed by the incor-
poration of transverse shear effects in the faces. Moreover, as the
face layers of advanced sandwich structures are likely to be com-
posed of anisotropic ® ber-reinforced laminated composites featur-
ing symmetry/nonsymmetry properties with respect to their own
midsurfaces and to that of the core layer, additional couplings are
induced whose implications have to be emphasized. Due to all of
these new features, to predict accurately their load-carryingcapac-
ity and static/dynamic response behavior,more advancedmodels of
sandwich-type constructionsare needed.

The goal of the present paper is to develop such a comprehen-
sive sandwich-type structural model capable of providing accurate
predictions of its static and dynamic behavior under complex me-
chanical and thermal loads in the pre- and postbuckling ranges.
Specialized variants of the obtained equations are used to study the
buckling/postbucklingbehaviorof compressivelyloaded¯ at/curved
sandwich panels, and comparisonswith availableexperimentaldata
are recorded.

In spite of the considerable importance of this problem, a modest
amount of related work can be found in the literature. Here, only a
few papers that are pertinent to the present developments, such as
Refs. 1±5 and Refs. 6±9, which are devoted to the theory of ¯ at and
curved sandwich constructions, respectively, are mentioned. For a
comprehensive and most recent survey of the status, achievements,
and trendsin themodelingof sandwichplatesandshells,see Ref. 10.

Basic Assumptions
The global middle surface of the structure selected to coincide

with that of the core layer is referred to as a curvilinear and or-
thogonal coordinate system x a ( a = 1, 2). The transverse normal
coordinate x3 is considered positive when measured in the direc-
tion of the downward normal to the midsurface. We also assume
that the uniform thickness of the core is 2 Åh, whereas those of the
bottom and upper faces are h 0 and h 0 0 , respectively. As a result,

¡ ( Åh + h 0 0 ) ·x3 ·( Åh + h 0 ), and H ( ´ 2 Åh + h 0 + h 0 0 ) denotes the
total thickness of the structure. For the sake of identi® cation, un-
less otherwise stated, the quantities associatedwith the core will be
accompanied by a superposed bar, whereas those associated with
the lower and upper faces will be accompanied by single and dou-
ble primes, respectively, placed on the right or left of the respec-
tive quantity. In the forthcoming developments, in addition to the
(global) midsurface of the structure, the midsurfaces of the upper
andbottomcompositefacingswill alsobe consideredin theanalysis.

The geometrically nonlinear theory of doubly curved sandwich
shells developed herein is based on a number of assumptions:
1) The face sheets are constructed of a number of orthotropic ma-
terial layers, the axes of orthotropy of the individual plies, being
not necessarilycoincidentwith the geometrical axes x a of the struc-
ture. 2) The core material features orthotropic properties, the axes
of orthotropy being parallel to the geometrical axes x a . It is also
assumed that the thicknessof the core is much larger than the thick-
nesses of the face sheets, i.e., 2 Åh À h 0 , h 0 0 . 3) The developedtheory
encompassesthecasesof both weak and strongcore sandwichstruc-
tures. In the former case, the core is capable of carrying transverse
shear stressesonly, whereas in the latter one, the core can carry both
tangentialand transverseshear stresses.The method enablingone to

obtain the equations of sandwich shells with weak core as a special
case of those associatedwith strong core is properly indicated.4) A
perfect bonding between the face sheets and between the faces and
the core is postulated. 5) The core and face layers are incompress-
ible in transverse normal direction. 6) The principles of shallow
shell theory are applied in this study.

Displacement Field
The three-dimensionaldisplacement ® eld in the facings and core

is represented as follows.
For the bottom facings ( Åh · x3 · Åh + h 0 ):

0 V1(x a , x3) = 0V 0
1(x a ) + (x3 ¡ a 0 ) w 0

1(x a ) (1a)

0 V2(x a , x3) = 0 V 0
2(x a ) + (x3 ¡ a 0 ) w 0

2(x a ) (1b)

0 V3(x a , x3) = 0 v3(x a ) (1c)

For the core layer ( ¡ Åh · x3 · Åh):

ÅV1(x a , x3) = ÅV 0
1(x a ) + x3

Åw 1(x a ) (2a)

ÅV2(x a , x3) = ÅV 0
2(x a ) + x3

Åw 2(x a ) (2b)

ÅV3(x a , x3) = Åv3(x a ) (2c)

For the top facing ( ¡ Åh ¡ h 0 0 · x3 · ¡ Åh):

0 0 V1(x a , x3) = 0 0V 0
1(x a ) + (x3 + a 0 0 ) w 0 0

1 (x a ) (3a)

0 0 V2(x a , x3) = 0 0V 0
2(x a ) + (x3 + a 0 0 ) w 0 0

2 (x a ) (3b)

0 0 V3(x a , x3) = 0 0 v3(x a ) (3c)

In these equations, 0V 0
a , w 0a ; 0 0 V 0

a , w 0 0a ; and ÅV 0
a , Åw a denote the

tangential displacements of the points of the midsurface and the
shear angle rotations of the bottom and upper face sheets and of
the core layer, respectively, whereas a 0 ( ´ Åh + h 0 / 2) and a 0 0 ( ´Åh + h 0 0 / 2) denote the distances between the global midsurface and
themidsurfacesof thebottomand top facings,respectively.Needless
to say, in the dynamic case, all the displacement quantities as well
as the strain and stress measures (to be de® ned later) are functions
of the time variable, as well.

Ful® llmentof thekinematiccontinuityconditionsat the interfaces
between the core and facings, from Eqs. (1±3) and in the light of
assumption 5, implying

0 v3 = 0 0 v3 = Åv3 ´ v3 (4)

the three-dimensionaldisplacement components result as follows.
For Åh · x3 · Åh + h 0 :

0 V1(x a , x3) = n 1(x a ) + g 1(x a ) + (x3 ¡ a 0 ) 0 w 1(x a ) (5a)

0 V2(x a , x3) = n 2(x a ) + g 2(x a ) + (x3 ¡ a 0 ) 0 w 2(x a ) (5b)

0 V3(x a , x3) = v3(x a ) (5c)

For ¡ Åh · x3 · Åh:

ÅV1(x a , x3) = n 1(x a ) ¡ 1
4
[0h w 01(x a ) ¡ 0 0h w 0 01 (x a )]

+ (x3/ Åh){g 1(x a ) ¡ 1
4
[0h w 01(x a ) + 0 0h w 0 01 (x a )]} (6a)

ÅV2(x a , x3) = n 2(x a ) ¡ 1
4
[0h w 02(x a ) + 0 0h w 0 02 (x a )]

+ (x3/ Åh){g 2(x2) ¡ 1
4
[0h w 02(x a ) + 0 0h w 0 02 (x a )]} (6b)

ÅV3(x a , x3) = v3(x a ) (6c)

For ¡ Åh ¡ h 0 0 · x3 · Åh:

0 0V1(x a , x3) = n 1(x a ) ¡ g 1(x a ) + (x3 + a 0 0 ) 0 0 w 1(x a ) (7a)

0 0 V2(x a , x3) = n 2(x a ) ¡ g 2(x a ) + (x3 + a 0 0 ) 0 0 w 2(x a ) (7b)

0 0V3(x a , x3) = v3(x a ) (7c)
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In these equations, the new two-dimensional tangential displace-
ment measures n a (x1, x2) and g a (x1, x2) are de® ned as

n 1 =
0V 0

1 + 0 0V 0
1

2
(8a)

g 1 =
0 V 0

1 ¡ 0 0 V 0
1

2
(8b)

n 2 =
0V 0

2 + 0 0V 0
2

2
(8c)

g 2 =
0 V 0

2 ¡ 0 0 V 0
2

2
(8d)

Hence, the two-dimensional displacement measures reduce to nine
functions, namely, n 1, n 2, g 1 , g 2, v3, 0 w 1 , 0 w 2 , 0 0 w 1, and 0 0 w 2 . Assum-
ing that the structurealso features a stress-free initial geometric im-
perfection V±3[´ v±3(x a )] and adopting the concept of small strains
and moderately small rotations,11 the three-dimensional strain-
displacement relationship in Lagrangian description is

2ei j = Vi k j + V j k i + V3k i V3 k j + V3 k i V
±

3 k j + V±3k i V3 k j (9)

By convention, the transverse de¯ ection is measured from the im-
perfect surface, in the positive, inward direction. In Eq. (9), ( ¢ )i k j

denotes the covariant derivative with respect to the metric of the
three-dimensionalspace. Using the relationshipsbetween covariant
derivatives of space and surface tensors (see Refs. 5 and 12), from
Eqs. (5±9) and consistent with the concept of shallow shells, the
following strain distribution is obtained.

In the bottom facing ( Åh · x3 · Åh + h 0 ):

0 e11 = 0 e 11 + (x3 ¡ a 0 ) j 0
11 (10a)

0 e22 = 0 e 22 + (x3 ¡ a 0 ) j 0
22 (10b)

2 0e12 = 0 c 12 + (x3 ¡ a 0 ) j 0
12 (10c)

2 0 e13 = 0 c 13 (10d)

2 0 e23 = 0 c 23 (10e)

In the core layer ( ¡ Åh · x3 · Åh):

Åe11 = Åe 11 + x3 Åj 11 (11a)

Åe22 = Åe 22 + x3 Åj 22 (11b)

2 Åe12 = Åc 12 + x3 Åj 12 (11c)

2 Åe13 = Åc 13 (11d)

2 Åe23 = Åc 23 (11e)

In the upper facing ( ¡ Åh ¡ h 0 0 · x3 · ¡ Åh):

0 0e11 = 0 0 e 11 + (x3 + a 0 0 ) j 0 0
11 (12a)

0 0e22 = 0 0 e 22 + (x3 + a 0 0 ) j 0 0
22 (12b)

20 0 e12 = 0 0 c 12 + (x3 + a 0 0 ) j 0 0
12 (12c)

20 0 e13 = 0 0 c 13 (12d)

20 0 e23 = 0 0 c 23 (12e)

In these equations, e 11 , e 22, e 12( ´ c 12/2), e 13( ´ c 13/ 2), and e 23( ´
c 23/ 2) denote the two-dimensional tangential and the transverse
shear strain measures, respectively. Their expressions in terms
of the two-dimensional displacement measures are displayed in
Appendix 1.

When the Love±Kirchhoff hypothesis is adopted for both the up-
per and bottom face sheets, Eqs. (5±7) should be specialized, in the
sense of w 0a = w 0 0a = ¡ @v3/@x a .

Furthermore, for symmetric sandwichstructures,one shouldcon-
sider

h 0 = h 0 0 ´ h (13a)

a 0 = a 0 0 ( ´ a) = Åh + h/2 (13b)

For some other modeling issues related to the theory of sandwich
plates, the reader is referred to Ref. 13.

Equations of Equilibrium/ Motion
and Boundary Conditions

The Hamilton variationalprinciple is used to derive the equations
of equilibrium/motion and the boundary conditionsof the theory of
shallow sandwich shells. This variationalprinciplemay be stated as

d J = d * t1

t0

(U ¡ W ¡ T ) dt = 0 (14)

where t0 and t1 are two arbitrary instants of time; U denotes the
strain energy; W denotes the work done by surface tractions, edge
loads, and body forces; T denotes the kinetic energy of the three-
dimensional body of the sandwich structure;and d denotes the vari-
ation operator.

For the various parts of the variational equation, we have

d U =
1

2 * r
[ *

Åh + h 0

Åh
0 Si j d e 0

i j + * + Åh

¡ Åh

ÅSi j d Åei j

+ * ¡ Åh

¡ Åh ¡ h 0 0
0 0 Si j d e 0 0

i j ] dx3 d r (i, j = 1, 2, 3) (15)

where the usual summation convention over a repeated index is
employed; Si j denotes the second Piola±Kirchhoff stress tensor and
r denotes the undeformed midsurface of the sandwich shell. In
addition,

* t1

t0

d T dt = ¡ * t1

t0

dt[ * r *
Åh + h 0

Åh
0 q ÈVi d Vi dx3

+ *
Åh

¡ Åh
Åq ÈVi d Vi dx3 + * ¡ Åh

¡ Åh ¡ h 0 0
0 0 q ÈVi d Vi dx3] (16)

where it was considered that d Vi = 0 at t = t0 , t1, and

d W = * r
[ *

Åh + h 0

Åh
0q Hi d Vi d r dx3 + *

Åh

¡ Åh
Åq Hi d Vi dr dx3

+ * ¡ Åh

¡ Åh ¡ h 0 0
0 0q Hi d Vi dr dx3] + *

X s
Ä
Si d Vi dX (17)

In Eqs. (16) and (17), the superposed dots denote time derivatives,
q denotes the mass density,

Ä
Si =

Ä
Si j n j are the components of the

stress vector prescribed on the part X s of the external boundary X ,
ni denotes the components of the outward unit vector normal to X ,
and Hi denotes the components of the body force vector.

From Eq. (14), considered in conjunctionwith Eqs. (15±17), and
with the strain-displacement relationships (10±12) (used as sub-
sidiary conditions), carrying out the integration with respect to
x3 and integrating by parts wherever feasible, using the expres-
sion of global stress resultants and stress couples (to be de® ned
later), and invoking the arbitrary and independentcharacterof vari-
ations d n 1, d n 2 , d g 1 , d g 2 , d w 0 , d w 02 , d w 0 01 , d w 0 02 , and d v3, one derives
the equations of equilibrium/motion and the boundary conditions.
Upon retainingonly the transversalloadand transverseinertiaterms,
the equations of motion are

d n 1 : N11,1 + N12,2 = 0 (18a)

d n 2 : N22,2 + N12,1 = 0 (18b)

d g 1 : L11,1 + L12,2 ¡ ÅN13 = 0 (18c)
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d g 2 : L22,2 + L12,1 ¡ ÅN23 = 0 (18d)

d w 0
1 : ÃH11,1 + ÃH12,2 + N 0

13 ¡ (h 0 /4 Åh) ÅN13 = 0 (18e)

d w 0
2 : ÃH22,2 + ÃH12,1 + N 0

23 ¡ (h 0 /4 Åh) ÅN23 = 0 (18f)

d w 0 0
1 : HÃÃ11,1 + HÃÃ12,2 + N 0 0

13 + (h 0 0 / 4 Åh) ÅN13 = 0 (18g)

d w 0 0
2 : HÃÃ22,2 + HÃÃ12,1 + N 0 0

23 ¡ (h 0 0 / 4 Åh) ÅN23 = 0 (18h)

d v3 : N11(v3,11 + v±3,11 + 1/ R1
) + 2N12(v3,12 + v±3,12

)

+ N22(v3,22 + v±3,22 + 1/ R2
) + N13,1 + N23,2 + q3 ¡ m0 Èv3 = 0

(18i)

In these equations, 1/ R1 and 1/ R2 denote the principal curvatures
of the global middle surface, ( ¢ ), a [ ´ @( ¢ )/ @x a ] denotes the partial
differentiation with respect to the surface coordinate x a , q3 is the
distributed transversal load, and m0 denotes the reduced mass per
unit area of the shell midsurface.As concernsthe global stress resul-
tants and stress couples in terms of which Eqs. (18) are expressed,
these are de® ned as

N11 = N 0
11 + ÅN11 + N 0 0

11 (1 !Ã 2) (19a)

N12 = N 0
12 + ÅN12 + N 0 0

12 (19b)

N13 = N 0
13 + ÅN13 + N 0 0

13 (1 !Ã 2) (19c)

L11 = Åh(N 0
11 ¡ N 0 0

11) + ÅM11 (1 !Ã 2) (19d)

L12 = Åh(N 0
12 ¡ N 0 0

12) + ÅM12 (19e)

ÃH11 = (h 0 /4)( ÅN11 + ÅM11/ Åh) ¡ M 0
11 (1 !Ã 2) (19f)

ÃH12 = (h 0 / 4)( ÅN12 + ÅM12/ Åh) ¡ M 0
12 (19g)

HÃÃ11 = (h 0 0 / 4)( ÅN11 ¡ ÅM11/ Åh) + M 0 0
11 (1 !Ã 2) (19h)

HÃÃ12 = (h 0 0 / 4)( ÅN12 ¡ ÅM12/ Åh) + M 0 0
12 (19i)

where the sign (1 !Ã 2) indicates that the expressions of the stress
resultants and stress couples not explicitly written can be obtained
from the ones just displayed upon replacing subscript 1 by 2 and
vice versa.

In Eqs. (19), consistent with the concept of shallow shell theory,
the stress resultants and stress couples associated with the bottom
facings and the core are, respectively,

f N 0a b , M 0a b g =
n 0

Sk = 1
* (x3 )k

(x3 )k ¡ 1

0 (Sa b )k f 1, x3 ¡ 0a g dx3 (20a)

N 0a 3 =
n 0

Sk = 1
* (x3)k

(x3)k ¡ 1

0 (S a 3)k dx3 ( a , b = 1, 2) (20b)

and

f ÅN a b , ÅM a b g = *
Åh

¡ Åh

ÅSa b f 1, x3 g dx3 (21a)

ÅN a 3 = *
Åh

¡ Åh

ÅSa 3 dx3 (21b)

The stress resultants and stress couples for the upper facings can
be obtained from Eqs. (20) by replacing single primes by double
primes,a 0 by ¡ a 0 0 and n 0 by n 0 0 . Herein,n 0 and n 0 0 denote the number
of layers constitutent to the bottom and upper facings, respectively,
whereas (x3)k and (x3)k ¡ 1 denote the distances from the global
reference surface (coinciding with that of the core layer) to the
upper and bottom interfaces of the kth layer, respectively. These
de® nitions of stress resultants and stress couples are similar to the
ones in Refs. 4 and 5.

The associated boundary conditions at the edge xn = const (n =
1, 2) result as

Nnn =
Ä
N nn or n n =

Ä
n n (22a)

Nnt =
Ä
N nt or n t =

Ä
n t (22b)

Lnn =
Ä
Lnn or g n =

Ä
g n (22c)

Lnt =
Ä
Lnt or g t =

Ä
g t (22d)

ÃHnn =
Ä
ÃH nn or w 0

n =
Ä
w 0

n (22e)

ÃHnt =
Ä
ÃH nt or w 0

t =
Ä
w 0

t (22f)

HÃÃnn =
Ä
HÃÃnn or w 0 0

n =
Ä
w 0 0

n (22g)

HÃÃnt =
Ä
HÃÃnt or w 0 0

t =
Ä
w 0 0

t (22h)

Nnt (v3, t + v±3, t
) + Nnn (v3,n + v±3,n

) + Nn3 =
Ä
N n3 or v3 =

Ä
v3

(22i)

Here the subscripts n and t are used to designate the normal and
tangential in-plane directions to an edge, and hence n = 1 when
t = 2 and vice versa.

Special Cases
A. Discard of Transverse Shear Effects in the Facings

In thecaseof thin facingsorwhen theconstituentmaterialsfeature
large transverse shear stiffness characteristics, the Love±Kirchhoff
hypothesis can be adopted for the facings.

In this case, from the variational principle, Eq. (14), using Eqs.
(13a) properly, the equations of equilibrium/motion become

d n 1 : N11,1 + N12,2 = 0 (23a)

d n 2 : N22,2 + N12,1 = 0 (23b)

d g 1 : L11,1 + L12,2 ¡ ÅN13 = 0 (23c)

d g 2 : L22,2 + L12,1 ¡ ÅN23 = 0 (23d)

d v3 : N11(v3,11 + v±3,11 + 1/ R1
) + 2N12(v3,12 + v±3,12

)

+ N22(v3,22 + v±3,22 + 1/ R2
) ¡ C2( ÅN11,11 + 2 ÅN12,12 + ÅN22,22)

+ (M11,11 + 2M12,12 + M22,22) + (1 + C1/ Åh)

£ ( ÅN13,1 + ÅN23,2) + q3 ¡ m0 Èv3 = 0 (23e)

Similarily, the associated boundary conditions become

Nnn =
Ä
N nn or n n =

Ä
n n (24a)

Nnt =
Ä
N nt or n t =

Ä
n t (24b)

Lnn =
Ä
Lnn or g n =

Ä
g n (24c)

Lnt =
Ä
Lnt or g t =

Ä
g t (24d)

C2
ÅNnn ¡ Mnn = C2

Ä
ÅN nn ¡ Ä

M nn or v3,n =
Ä
v3,n (24e)

Nnt (v3, t + v±3, t
) + Nnn(v3,n + v±3,n

) + Mnn,n

+ 2Mnt , t ¡ C2( ÅNnn,n + 2 ÅNnt , t ) + (1 + C1/ Åh) ÅNn3

= ¡ C2
Ä
ÅN nt , t +

Ä
M nt , t +

Ä
ÅN n3 or v3 =

Ä
v3 (24f)

Note that, in contrast to the case of sandwich structureswhose faces
are ¯ exible in transverseshear (when nine boundaryconditionshave
to be prescribedat each edge), in this specialcase only six boundary
conditions have to be prescribed.This implies that, consistent with
the number of boundary conditions, in the former case the system
of governing equations should be of the 18th order, whereas in the
latter one it should be of the 12th order.



LIBRESCU, HAUSE, AND CAMARDA 1397

Equations (23) and (24) specialized for the case of ¯ at sandwich
plates coincide with those derived in Refs. 4 and 5.

InEqs. (23)and (24),theglobalstressresultantsandstresscouples
are de® ned as

N11 = 0 N11 + ÅN11 + 0 0 N11 (1 !Ã 2) (25a)

N12 = 0 N12 + ÅN12 + 0 0 N12 (25b)

L11 = Åh( 0 N11 ¡ 0 0 N11) + ÅM11 (1 !Ã 2) (25c)

L12 = Åh( 0 N12 ¡ 0 0 N12) + ÅM12 (25d)

M11 = 0 M11 + 0 0 M11 ¡ (C1/ Åh) ÅM11 (1 !Ã 2) (25e)

M12 = 0 M12 + 0 0 M12 ¡ (C1/ Åh) ÅM12 (25f)

where

C1 =
h 0 + h 0 0

4
(26a)

C2 =
h 0 ¡ h 0 0

4
(26b)

B. Soft Core Sandwich Shell

In the case of the soft core sandwich structures, ÅN a b and ÅM a b

shouldbe consideredzero-valuedquantitiesin theexpressionsof the
global stress resultantsandstress couples[Eqs. (25)].As a result, the
proper equations for this case can be obtained in a straightforward
manner.

Constitutive Equations
Preparatory to the derivation of constitutive equations for sand-

wich shells, it should be recalled that within the three-dimensional
geometrically nonlinear elasticity theory the constitutive equations
are described by linear relationships between the second Piola±
Kirchhoff stress and Lagrange strain tensor components.

As a result, for an anisotropicmaterial featuringmonoclinic sym-
metry and including the temperature and moisture effects, the gen-
eralized Hooke law can be expressed as
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(27a)

{S23

S13} = K 2 [Q44 Q45

Q45 Q55] {2e23

2e13} (27b)

(see Ref. 14). In these equations, Si j denotes the second Piola±
Kirchhoff stress tensor, ÃQ i j [´ Q i j ¡ (Q i3 Q j3/ Q33)] are the re-
duced elastic moduli, Ãk i j [´ k i j ¡ (Q I3/ Q33) k 33)] and Ãl i j [´
l i j ¡ (Q I 3/ Q33) l 33)] denote the reduced thermal expansion and
moisture swelling coef® cients, respectively,where T [´ T (x a , x3)]
and M[ ´ M (x a , x3)] denote the excess of temperature and mois-
ture with respect to free stress temperatureand moisture Tr and Mr ,
respectively.Herein the index I takes the values 1, 2, or 6 when the
pair of indices i j assumes the values 11, 22, or 12, respectively.

Because the anisotropic material featuring a monoclinic symme-
try can simulate an orthotropic material whose axes of orthotropy
are rotated with respect to the geometrical axes of the structure,
the elastic, thermal, and moisture moduli, ÃQ i j , Ãk i j , and Ãl i j , respec-
tively, can be expressed in terms of the associated elastic, thermal
expansion, and moisture swelling moduli in the on-axis con® gura-
tion and the angles by which the principal material axes are rotated
with respect to the geometrical ones, i.e., the ply angles. These re-
lationships are not displayed here.

Employment in Eqs. (20) of Eqs. (27) results in the constitutive
equations for the bottom facings. These are expressed in compact
form as

0 N11 = A 0
11 e 0

11 + A 0
12 e 0

22 + A 0
16 c 0

12 + E 0
11 j 0

11

+ E 0
12 j 0

22 + E 0
16 j 0

12 ¡ 0 N T
11 ¡ 0 N m

11 (1 !Ã 2) (28a)

0 N12 = A 0
16 e 0

11 + A 0
26 e 0

22 + A 0
66 c 0

12 + E 0
16 j 0

11

+ E 0
26 j 0

22 + E 0
66 j 0

12 ¡ 0 N T
12 ¡ 0 N m

12 (28b)

0 N23 = 0 K 2[ 0 A44 c 0
23 + 0 A45 c 0

13] (28c)

0 N13 = 0 K 2[ 0 A45 c 0
23 + 0 A55 c 0

13] (28d)

0 M11 = E 0
11 e 0

11 + E 0
12 e 0

22 + E 0
16 c 0

12 + F 0
11 j 0

11

+ F 0
12 j 0

22 + F 0
16 j 0

12 ¡ 0 M T
11 ¡ 0 Mm

11 (1 !Ã 2) (28e)

0 M12 = E 0
16 e 0

11 + E 0
26 e 0

22 + E 0
66 c 0

12 + F 0
16 j 0

11

+ F 0
26 j 0

22 + F 0
66 j 0

12 ¡ 0 M T
12 ¡ 0 Mm

12 (28f)

The stiffness quantities appearing in Eqs. (28) are de® ned as

f A 0x q , B 0x q , D 0x q g =
n 0

Sk = 1
* (x3)k

(x3)k ¡ 1

( ÃQ 0x q )(k)(1, x3 , x2
3
) dx3

( x , q = 1, 2, 6) (29a)

A 0
I J = 0 K 2

n 0

Sk = 1
* (x3 )k

(x3 )k ¡ 1

(Q 0
I J ) dx3 (I , J = 4, 5) (29b)

0 N T
a b =

n 0

Sk = 1
* (x3 )k

(x3)k ¡ 1

( 0 Ãk a b )k T dx3 (29c)

0 N m
a b =

n 0

Sk = 1
* (x3)k

(x3)k ¡ 1

( 0 Ãl a b )k M dx3 (29d)

0 M T
a b =

n 0

Sk = 1
* (x3)k

(x3)k ¡ 1

(x3 ¡ a 0 )( 0 Ãk a b )k T dx3 (29e)

0 Mm
a b =

n 0

Sk = 1
* (x3 )k

(x3 )k ¡ 1

(x3 ¡ a 0 )( 0 Ãl a b )k M dx3 ( a , b = 1, 2) (29f)

whereas

E 0x q = B 0x q ¡ a 0 A 0x q (30a)

F 0x q = D 0x q ¡ 2a 0 B 0x q + a 0 2 A 0x q (30b)

The expression of stress resultants and stress couples for the upper
facings can be formally obtained from Eqs. (28) by replacing the
single prime by double primes. In the case when bottom and upper
facings feature full symmetry about their own midsurfaces, E 0x q and
E 0 0x q ´ 0.

For the core layer consideredas an orthotropic body (the axes of
orthotropy coinciding with the geometrical axes), the constitutive
equations are

ÅN11 = 2 Åh[ ÅQ11 Åe 11 + ÅQ12 Åe 22] ¡ ÅN T
11 ¡ ÅN m

11 (1 !Ã 2) (31a)

ÅN12 = 2 Åh ÅQ66 Åc 12 (31b)

ÅN13 = 2 Åh ÅK 2 ÅQ55 Åc 13 (1 !Ã 2) (31c)

ÅM11 = 2
3

Åh
3
[ ÅQ11 Åj 11 + ÅQ12 Åj 22] ¡ ÅM T

11 ¡ ÅMm
11 (1 !Ã 2) (31d)

ÅM12 = 2
3

Åh
3 ÅQ66 Åj 12 (31e)

where

( ÅN T
a b , ÅM T

a b
) = *

Åh

¡ Åh
(1, x3) Åk a b T dx3 ( a , b = 1, 2) (32a)

( ÅN m
a b , ÅMm

a b
) = *

Åh

¡ Åh
(1, x3) Ål a b M dx3 (32b)

In Eqs. (28), (29), and (31), 0K 2 and ÅK 2 denote transverse shear
correction factors associated with facings and core, respectively.
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Governing Equations
Preliminaries

One possible and most straightforwardrepresentationof the gov-
erning equations in the theory of shells in general and of sandwich-
type structures in particular is that in terms of displacementquanti-
ties. However,as the recentresults in the area reveal, the formulation
of sheardeformable shallowshell theory in terms of Airy’s potential
function, the transversalde¯ ection, and a transverse shear potential
function presents many advantages, especially in the study of their
buckling and postbuckling response, e.g., Refs. 15±18.

For sandwich structures, however, only in special cases this type
of formulation can exactly be applied. One notable case for which
this representationcan be carried out is that of weak core sandwich
shells/plates with symmetrically distributed faces about both the
global and local midsurfaces. In the forthcomingdevelopments this
representation is applied to this type of sandwich shells/plates.

Weak-Core Sandwich-Type Shells/Plates

To get a better understanding of the in¯ uence played by a num-
ber of effects on buckling and postbuckling responses of sandwich
shells/plates with weak cores, this formulation will be restricted to
the case of 1) thin face sheets, thus enabling one to discard trans-
verse shear effects in the facings, 2) restriction to the static case and
the absence of temperature and moisture effects, 3) consideration
of circular cylindrical panels and of their ¯ at counterparts, and 4)
consideration of symmetric sandwich constructions, implying that
the upper and bottom face sheets feature the same thickness and
identical stacking sequence and are both symmetrically laminated
about their respective midsurfaces.

Under such conditions, the exact ful® llment of Eqs. (23a) and
(23b) results in the representation

N11 = u ,22 (33a)

N22 = u ,11 (33b)

N12 = ¡ u ,12 (33c)

where u ´ u (x a ) is Airy’s potential function. With the help of Eqs.
(33) and by virtue of assumption 4) implying

A 0a b = A 0 0a b ´ A a b (34a)

F 0a b = F 0 0a b ´ Fa b (34b)

E 0a b = E 0 0a b = 0 (34c)

a 0 = a 0 0 ´ a, h 0 = h 0 0 ´ h, C2 = 0 (34d)

the remaining equations of equilibrium (23c±23e) expressed in
terms of Airy’s potential function and the displacement quantities
become

A11g 1,11 + A16g 2,11 + A66g 1,22 + ( A12 + A66)g 2,12 + 2A16g 1,12

+ A26g 2,22 ¡ (2 ÅK 2 ÅG13/ Åh)(g 1 + av3,1) = 0 (1 !Ã 2)

(35a)

u , 22(v3,11 + v±3,11 + 1/ R1
) + u ,11(v3,22 + v±3,22 + 1/ R2

)

¡ 2 u ,12(v3,12 + v±3,12
) ¡ F11v3,1111 ¡ F22v3,2222 ¡ 4F16v3,1112

¡ 4F26v3,1222 ¡ 2 (F12 + 2F66) v3,1122 + (2 ÅK 2 a/ Åh)

£ f ÅG13(g 1,1 + av3,11) + ÅG23(g 2,2 + av3,22) g + q3 = 0 (35b)

Recalling that the equations of equilibrium (23a) and (23b) are
identically ful® lled via the use of the stress potential function, to
ensure single valued displacements, the compatibility equation for
the membrane strains has to be satis® ed as well.

For the problem at hand the compatibility equation is

e 11,22 + e 22,11 ¡ c 12,12 + (2/ R1)v3,22 + (2/ R2)v3,11 ¡ 2v2
3,12

+ 2v3,11v3,22 + 2v±3,11v3,22 ¡ 4v3,12v±3,12 + 2v3,11v±3,22 = 0

(36)

where

e 11 = 0 e 11 + 0 0 e 11 , e 22 = 0 e 22 + 0 0 e 22, c 12 = 0 c 12 + 0 0 c 12

To express this equation in terms of the basic unknown functions,
a partial inversion of constitutive equations (28a) has to be carried
out. With the use of these equations, Eq. (36) reduces to

A ¤
22 u , 1111 + A ¤

11 u ,2222 ¡ 2A ¤
16 u ,1222 ¡ 2A ¤

26 u ,2111

+ ( A ¤
66 + 2A ¤

12
) u , 1122 + (2/ R1)v3,22 + (2/ R2)v3,11 ¡ 2v2

3,12

+ 2v3,11v3,22 + 2v±3,11v3,22 + 2v3,11v±3,22 ¡ 4v3,12v±3,12 = 0

(37)

Equation (37) is included as a primary ® eld equation of the nonlin-
ear boundary value problem along with Eqs. (35). As a result, the
equations for the problem at hand reduce to four partial differential
equations expressed in terms of the functions g 1, g 2 , v3, and u .

In connection with the stiffness quantities 0 A ¤x q = 0 0 A ¤x q ´ A ¤x q ,
( x , q = 1, 2, 6) appearing in Eq. (37), 0 A ¤x q and 0 0 A ¤x q represent the
inverted counterparts of 0 A x q and 0 0 A x q , respectively.

Postbuckling Solution
The governingequationsof shallowcircularcylindricalsandwich

panels with weak cores as expressed by Eqs. (35) and (37) repre-
sent an extension of those known under the name of von KÂarmÂan±
Marguerre±Mushtary,which are pertinent to the classical nonlinear
shallow shell theory (e.g., Ref. 5), of their shear deformable coun-
terpart (e.g., Refs. 15±18), as well as of the governing equations of
¯ at sandwich panels as derived in Refs. 4 and 5.

To assessthe in¯ uenceplayedbya numberof nonclassicaleffects,
in addition to the assumptions stated earlier, the case of sandwich
constructions featuring cross-ply laminated facings is considered,
implying A16 = A26 = 0 and F16 = F26 = 0.

The analysiswill be con® ned to simply supportedboundary con-
ditions. Because for geometrically nonlinear problems the bend-
ing and stretching problems are coupled, in addition to the bend-
ing boundary conditions, the ones associated with the tangential
boundary conditions also have to be ful® lled. The formulation of
the latter ones gives rise to two tangential types of boundary condi-
tions, referred to hereinas movable and immovableedge conditions.
These correspondto the case when the motion of the unloadededges
is either unrestrained or completely restrained, respectively, in the
plane tangent to the structure’s midsurface,normal to the respective
edge. As a result we have the following cases. Case I: Edges xn =
const (n = 1, 2) are compressed and freely movable. In this case,
along these edges the following conditions have to be ful® lled:

Nnn = ¡ Ä
N nn (38a)

Nnt = 0 (38b)

g n = 0 (38c)

g t = 0 (38d)

Mnn = 0 (38e)

v3 = 0 (38f)

Case II: Edges xn = const are unloadedand immovable. In this case,

n n = 0 (39a)

Nnt = 0 (39b)

g n = 0 (39c)

g t = 0 (39d)

Mnn = 0 (39e)

v3 = 0 (39f)
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As earlier, n and t designate the normal and tangential in-plane
directions to an edge.

The condition expressing the immovability conditions n n = 0 on
xn = const is ful® lled in an average sense as

* L1

0
* L2

0

@n n

@xn

dxn dxt = 0

This condition, in conjunction with Eq. (A1) from the Appendix,
providesthe ® ctitiousedge load

Ä
N nn , renderingtheedgesxn = const

immovable.
The expressionof transversede¯ ection satisfying the simply sup-

ported boundary conditions is

v3(x1, x2) = wmn sin k m x1 sin l nx2

(m = 1, 2, . . . , M; n = 1, 2, . . . , N ) (40a)

where k m = m p / L1 , l n = n p / L2 , and wmn are the modal ampli-
tudes, whereas L1 and L2 are the panel side edges. Following the
results of Ref. 19, the representationof initial geometric imperfec-
tions resulting, for the problem at hand, in the most critical post-
buckling conditions is

v±3(x1, x2) = w±mn sin k m x1 sin l n x2 (40b)

where w±mn are the model amplitudes of the initial geometric imper-
fection shape. Moreover, the stress function u is expressed as

u (x x ) = u 1(x x ) ¡ 1
2
(

Ä
N 11x2

2 +
Ä
N 22x2

1 ¡ 2
Ä
N 12x1x2

) (41)

(see Refs. 5 and 20), where, as shown (see Refs. 16±18 and 20),

Ä
N 11,

Ä
N 22, and

Ä
N 12 represent the average compressive and shear

edge loads whereas u 1 is a particular solution of Eq. (37). Replac-
ing Eq. (40) into the compatibility equation (37) and solving the
resultingnonhomogeneouspartialdifferentiationequationyield the
expression of u 1 as

u 1(x a ) = A1 cos 2 k m x1 + A2 cos 2 l n x2 + A3 sin k m x1 sin l n x2

(42)

Similarly, the two coupledequations,namely,Eq. (35a)and its coun-
terpart obtained by applying the change (1 !Ã 2), can be solved to
get

g 1(x x ) = B1 cos k m x1 sin l n x2 (43a)

g 2(x x ) = C1 sin k m x1 cos l n x2 (43b)

Furthermore, the use of Eqs. (33) in conjunctionwith the expres-
sion of N a b in terms of the displacementquantities and of Eqs. (42)
and (43) enables one to obtain the displacements n 1(x x ) and n 2(x x ).
Due to their intricacy, these expressionsof those coef® cients B1 and
C1 in Eqs. (43) and of the coef® cients Ai (i = 1, 2, 3) in Eqs. (42)
are not recorded here.

One of the methods yielding the postbucklingequations in terms
of the modal amplitudes wmn is to solve Eq. (35b) in the Galerkin
sense (e.g., Refs. 18 and 20). However, a more inclusive method,
enabling one, among others, to compensate the nonful® llment of
certain boundary conditions, such as of static ones, rests on the use
of the extendedGalerkin method (e.g., Ref. 21). To this end, replac-
ing the expressions of u , v3, v±3 , g 1 , g 2, n 1, and n 2 into the energy
functional, Eq. (14), and carrying out the indicated integrations re-
sult in the followingnonlinearalgebraicequationexpressedin terms
of the modal amplitudes d mn( ´ wmn / H ) as

P1[d mn , d±mn , N11, N22] + P2[d 2
mn , d±mn] + P3[d 3

mn , d 2
mn , d mn , d±mn]

+ Pmn[(N22/ R2) + (N11/ R1)] = 0

(m = 1, . . . , M; n = 1, . . . , N ) (44)

In this equation P1 , P2, and P3 are linear, quadratic,and cubic poly-
nomials of the unknown modal amplitudes; Pmn are constants that
dependon thematerialandgeometricpropertiesof the shell;N11 and

N22 are normalized forms of normal edge loads to be de® ned later;
and d±mn( ´ w±mn / H ) denotes the modal imperfection amplitudes.

The equilibrium con® gurations for a given ¯ at or curved panel
are determined by solving the nonlinear algebraic equation (44) via
Newton’s method.As a byproduct,the valuesof N11 andN22 ful® ll-
ing the linearizedcounterpartof Eqs. (44) correspondingto d mn 6= 0
can be obtained. These correspond to the buckling bifurcation so-
lution. In the following, a number of numerical illustrations related
to the buckling and postbucklingbehavior are displayed.

Results and Discussion
A. Comparisons with Available Experimental Data

Results on the buckling response predicted by the present struc-
tural model are compared with their experimental counterparts22

and displayed in Tables 1 and 2.
In Table 1 a three-layer symmetric ¯ at sandwich panel with

isotropic facings (of Dura-Aluminum, m = 0.3 and E = 6.96 £ 105

kg/cm2) and a transversely isotropic weak core (of penoplast) uni-
axially compressed is considered.

The results associated with the tables show a reasonable agree-
ment. Note that the theoretical results reveal, in general, slight over-
predictionsof the experimental ones. Considerationof unavoidable

Table 1 Comparisons of theoretical and experimental buckling
predictions for a ¯ at sandwich panel with transversely

isotropic core (simply supported edge conditions)

Ä
N 11 L2 £ 103 kg

Case L1, cm L 2, cm h, cm Åh, cm ÅG, kg/cm2 Theory Exp. Error, %

1 60 40 0.05 0.425 99.4 3.79 3.60 +5.28
2 60 40 0.10 0.650 149.6 9.03 8.25 +9.45
3 40 60 0.10 0.700 117.1 11.30 12.30 ¡ 8.13
4 40 60 0.10 1.400 96.5 17.40 16.00 +8.75
5 80 60 0.05 0.450 73.5 4.21 4.00 +5.25
6 80 60 0.05 0.450 74.1 4.24 4.10 +3.41

Table 2 Comparisons of theoretical and experimental buckling
predictions for a sandwich ¯ at panel with orthotropic core

and isotropic faces (simply supported edge conditions)

Ä
N 11 L2 £ 103 kg

L1, L2, h, Åh, ÅG13, ÅG23 ,

Case cm cm cm cm kg/cm2 kg/cm2 Theory Exp. Error, %

1 60 40 0.05 0.45 140.4 100.8 5.29 5.85 ¡ 9.57
2 60 40 0.25 1.25 390.0 103.0 47.22 46.57 +1.11
3 60 40 0.25 1.15 337.0 97.0 38.20 36.50 +4.66
4 80 60 0.10 0.95 138.1 78.6 17.34 15.25 +13.7

Fig. 1 Variation of dimensionless buckling coef® cient (N11)cr vs panel
aspect ratio Ã. Isotropic faces (ºf = 0.3 and ´ = 0.1) and transversely
isotropic core (k = 0, 0.1, and 0.2). In the inset, a sandwich ¯ at panel is
depicted.
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initial geometric imperfections,which probably were present in the
tested model, would eliminate this disparity of results.

B. Buckling of Flat and Curved Sandwich Panels

The results pertinent to the buckling problem concern rectangu-
lar (L1 £ L2) ¯ at and circular cylindrical (R1 = 1 , R2 ´ R) sand-
wich panels simply supported on the whole contour, the mate-
rial of the core exhibiting transversely isotropic or orthotropic
properties. The results are plotted in the plane [(N11)cr, w )]. The
term (N11)cr denotes the dimensionless uniaxial buckling load,
w ( ´ L1/ L2) de® nes the aspect ratio of the panel, and (N11 , N22)[´
(

ÄN11 ,
ÄN22), rn2/ ( l 2

n F22)] denotes the dimensionlesscompressive
edge loads.The in¯ uenceof a numberof parameterson the buckling
behavior is highlighted in Figs. 1 and 2.

Two such parameters, k1 and k, de® ned as k1[ ´ p 2 Q22h Åh/
(L2

2
ÅK 2 ÅG13)] for orthotropic faces and orthotropic core and k[´

p 2 B Åh/ (L2
2

ÅK 2 ÅG)] for isotropicfacesand transverselyisotropiccore,
constitute measures of transverse shear ¯ exibility of the overall
structure; a 2 f ´ L4

2(1 ¡ m 2)/ [ p 4 R2( Åh + h/2)2] g is a measure of the
curvature of the circular cylindrical panel, and g [ ´ (h/ (2 Åh + h)]
de® nes the thickness ratio.

In the context of the theory of sandwich structures with mem-
brane faces, implying g ! 0, the ¯ exural stiffness characteristics

Fig. 2 Variation of dimensionless buckling coef® cient (N11)cr vs panel
aspect ratio Ã. Circular cylindricalpanel (®2 = 2.5)with nonmembrane
faces (´ = 0.1). Isotropic faces and transversely isotropic core. In the
inset, a sandwich circular cylindrical panel is depicted.

a) b)

Fig. 3 a) Postbuckling response of sandwich ¯ at panels (movable edges). Isotropic faces and transversely isotropic core (Ef /Gc = 50, 100, 150, and
200; hf /L = 0.002, hc/L = 0.03; Ð Ð , geometrically perfect; ± ± ± , geometrically imperfect (±0 = 0.2). b) Behavior in the plane (N11, D 1).

of faces are considered zero-valued quantities, whereas the stretch-
ing stiffnesses are considered to be ® nite valued quantities.

Figure 1 displays the buckling response of ¯ at sandwich panels
for various values of k of practical signi® cance, in the context of
the nonmembraneconcept for the facings.The results of this graph,
compared with the ones, not displayed here, obtained when the
membrane concept for the facings is adopted, reveal that, in contrast
to the former case, in the latter one the buckling load is slightly
underestimated. The strong in¯ uence played by transverse shear
¯ exibility of the core also becomes apparent, in the sense that, with
the increase of transverse shear stiffness of the core [implying the
decrease of the parameter k, (k1)], the buckling load increases.

Figure 2 presents the variation of the buckling loads of sand-
wich circular cylindrical panels with transversely isotropic core, as
a function of the aspect ratio. The results not displayed here reveal
that the increase of the shell curvature results in an increase of the
buckling load.

In the case of circular cylindrical sandwich panels with or-
thotropiccore, the resultsnot displayedhere reveal that the buckling
loads are larger than in the case of the transversely isotropic core
counterpart.

C. Postbuckling of Flat and Curved Panels

The postbucklingbehaviorwas numericallyillustratedfor the fol-
lowing cases: 1) ¯ at panels with isotropic facings and transversely
isotropic core, 2) ¯ at panels with orthotropic core and orthotropic
faces, 3) circular cylindrical panels with isotropic faces and trans-
versely isotropic core, and 4) circular cylindrical panels with or-
thotropic faces and orthotropic core.

Case 1 concerns simply supportedpanels whose edges are freely
movable in the directions normal to the edges in the plane parallel
to the midplane. Figures 3a and 3b display the postbuckling be-
havior of geometrically perfect/imperfect ¯ at panels in the plane
(N11, d + d 0) and (N11 , D 1), respectively.Herein d ( ´ w11/ H ) and
d 0( ´ w±11/ H ) de® ne the dimensionless de¯ ection and initial geo-
metric imperfection amplitudes in the ® rst mode, whereas

D 1[ ´ ¡ (L1 L2) ¡ 1* L1

0
* L2

0

n 1,1 dx1 dx2]
de® nes the end-shorteningin the x1 direction.The results reveal that
the decreaseof E f / G c (implying the increaseof the core transverse
shear modulus) results in the increase of the load-carryingcapacity
of the panel. At the same time, as clearly appears, ¯ at panels feature
imperfection insensitivity.Herein and in the following illustrations,
in contrast to the previous conventions,the quantitiesaf® liated with
the core and faces are associatedwith the indexc and f , respectively.
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a) b)

Fig. 4 Counterpart of Fig. 5 for the case of immovable unloaded edges (x2 = 0, 2̀).

a) b)

Fig. 5 a) Postbuckling response of sandwich ¯ at panels (movable edges) for three values of the orthotropicity ratio E1/E2 of the faces. Orthotropic
faces (G12 /E2)f = 0.6, (º21)f = 0.02, and orthotropic core (E2)f /(G13)c = 10, (G13 /G23)c = 2.5, hf /L = 0.002, and hc/L = 0.03; Ð Ð , geometrically
perfect; ± ± ± , geometrically imperfect (±0 = 0.1). b) Behavior in the plane (N11, D 1).

Figure 4 represents the counterpart of Fig. 3 for the case of im-
movable unloaded edges (x2 = 0, L2). The results reveal that in
this case the buckling bifurcation is lower than the one associated
with the panel counterpartfeaturingmovableedges.However, in the
deep postbuckling range, an enhanced load-carrying capacity and
less sensitivity to the variation of E f / G c as compared with those
featured by the movable edge panels are experienced.

In this case the results show also that in the postbuckling range
the load-carryingcapacity of the panel becomes less sensitive to the
variationof E f / Gc as comparedwith the case of the panel featuring
movable edges.

For case 2, in Fig. 5 the postbucklingof panels featuringmovable
edges is considered. Herein, the faces and the core are considered
to be orthotropic. In addition to the previously obtained results, it
becomes evident that the orthotropicity ratio E1/ E2 of the facings
plays an important role toward enhancing the load-carryingcapac-
ity. In addition, the (N11, D 1) plot reveals that the increase of the
ratio E1/ E2 tends to prevent the decay of bending stiffness in the
postbuckling range.

For case 3, Figs. 6 and 7 depict the postbuckling of uniaxially
compressedcircular cylindricalpanels of square (L £ L) projection
on a plane. As expected, the results reveal that the load-carrying
capacityof thepanelincreaseswith the increaseof thecurvatureratio
L/ R2 and with the increaseof transverseshear stiffness of the core,
i.e., decrease of the ratio E f / G c. Moreover, the results emerging

from these plots reveal a trend that is not common in the case of
the standardlaminatedcurvedshells (e.g.,Refs. 17 and 18), namely,
almost the total absenceof the snap-throughbucklingand of the fact
that the load-carryingcapacity of the panel is no longer sensitive to
initial geometric imperfections.The similarity in this case between
the postbuckling response of a plate and shell is noteworthy. This
new trend is due to the larger total thickness and, consequently,of
the much larger bending stiffness featured by sandwich panels as
compared with that of standard laminated constructions.

Finally, results not displayed here obtained for uniaxially com-
pressed circular cylindrical panels featuring orthotropic case and
face sheets restate the already mentioned trends related with the
in¯ uence of orthotropyand curvatureon the postbucklingresponse.

Other results involving buckling and postbuckling,not displayed
here, also deserve to be mentioned. For sandwich panels of small
curvature ratios L/ R2, the minimum buckling load and the least
load-carrying capacity of a circular cylindrical panel character-
ized by L1 = L2 ´ L occurs at m = 1, n = 1. However, with the
increase of L/ R2, the minimum buckling load can occur at values
of m( ´ Åm) 6= 1. Even so, the results reveal that in the postbuckling
range, with the increaseof the de¯ ection amplitude d + d 0 , the mini-
mum load-carryingcapacity is given in successionby postbuckling
paths corresponding to Åm , Åm ¡ 1, . . . , 1, m = 1 being the mode
number providing the minimum load-carryingcapacity in the deep
postbuckling range.
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a) b)

Fig. 6 a) Postbuckling response of circular cylindrical sandwich panels (movable edges) for three values of the curvature ratio (L/R = 1.2, 1, and
0.2). Isotropic faces (ºf = 0.3) and transversely isotropic core (Ef /Gc = 50), hf /L = 0.002, hc /L = 0.03. b) Behavior in the plane (N11, D 1).

a) b)

Fig. 7 a) Postbuckling response of circular cylindrical sandwich panels (movable edges) (L/R = 0.76) for four values of the ratio Ef /Gc (50, 100, 150,
and 200), hf /L = 0.002, hc/L = 0.03, isotropic faces (ºf = 0.3), and transversely isotropic core. b) Behavior in the plane (N11 , D 1).

Conclusions
Based on the equationsof the three-dimensionalelasticity theory

in the Lagrangian description, a nonlinear theory of initially imper-
fect doubly curved sandwich shells has been developed.The theory
encompassesa number of effects that are essential toward a reliable
prediction of their static and dynamic response behavior. Special
cases of practical signi® cance have been also described.

As applicationsof the derived theory, the bucklingand postbuck-
ling of ¯ at and circular cylindricaluniaxially compressedsandwich
panels have been analyzed.

Among others, it was revealedthat bucklingresultsof ¯ at/circular
cylindrical panels based on this theory reasonably agree with the
ones obtained experimentally. It was also shown that in the cases
considered in the paper the bene® cial behavior of sandwich curved
panelsconsistingof largerbucklingloads,as comparedwith their ¯ at
structure counterparts, is not deteriorated in the postbuckling range
by the occurrence of the snapping phenomenon featuring strong
intensities. This trend constitutes an important departure from the
onegenerallyfeaturedbycompositeand noncompositeshellswhose
load-carryingcapacity is strongly affected by the emergence of the
snap-throughphenomenon and is imperfection sensitive.

It is believed that the results of this work will be useful toward a
more rational design of sandwich constructionsused in today’s and
tomorrow’s high technology.

Appendix: Strain-Displacement Relationships
Bottom Facings

0 e 11 = n 1,1 + g 1,1 + 1
2
v2

3,1 + v3,1v±3,1 ¡ v3/ R1 (1 !Ã 2) (A1)

0 c 12 = n 1,2 + n 2,1 + g 1,2 + g 2,1 + v3,1v3,2 + v±3,1v3,2 + v3,1v±3,2

(A2)

0 c 13 = 0 w 1 + v3,1 (1 !Ã 2) (A3)

0 j 11 = 0 w 1,1 (1 !Ã 2) (A4)

0 j 12 = 0 w 1,2 + 0 w 2,1 (A5)

Core Layer

Åe 11 = n 1,1 ¡ 1
4
(h 0 w 01,1 ¡ h 0 0 w 0 01,1)+

1
2
v2

3,1+v±3,1v3,1 ¡ v3/ R1 (1 !Ã 2)

(A6)

Åc 12 = n 1,2 + n 2,1 ¡ 1
4
[h 0 ( w 01,2 + w 02,1) ¡ h 0 0 ( w 0 01,2 + w 0 02,1)]

+ v3,1v3,2 + v±3,1v3,2 + v3,1v±3,2 (A7)

Åj 11 = (1/ Åh) {g 1,1 ¡ 1
4
(h 0 w 01,1 + h 0 0 w 1,1)} (1 !Ã 2)

(A8)
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Åj 12 = (1/ Åh) {g 1,2 + g 2,1 ¡ 1
4
[h 0 ( w 01,2 + w 02,1) + h 0 0 ( w 0 01,2 + w 0 02,1)]}

(A9)

Åc 13 = (1/ Åh) {g 1 ¡ 1
4
(h 0 w 01 + h 0 0 w 0 01 )}+ v3,1 (1 !Ã 2) (A10)

Upper Facings

0 0 e 11 = n 1,1 ¡ g 1,1 + 1
2
(v3,1)

2 + v±3,1v3,1 ¡ v3/ R1 (1 !Ã 2)

(A11)

0 0 c 12 = n 1,2 + n 2,1 ¡ g 1,2 ¡ g 2,1 + v3,1v3,2 + v±3,1v3,2 + v3,1v±3,2 (A12)

0 0 c 13 = w 0 0
1 + v3,1 (1 !Ã 2) (A13)

0 0 j 11 = w 0 0
1,1 (1 !Ã 2) (A14)

0 0 j 12 = w 0 0
1,2 + w 0 0

2,1 (A15)
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