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Geometrically Nonlinear Theory of Initially Imperfect Sandwich
Curved Panels Incorporating Nonclassical Effects
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A comprehensive geometrically nonlinear theory of initially imperfect doubly curved sandwich shells is devel-
oped. The theory encompasses sandwich structures with dissimilar face sheets constructed of laminate composites
and with the core modeled as an orthotropic body featuring strong or soft behaviors. The theory includes the
dynamic as well as the temperature and moisture effects. As a special case, a range of related applications of the
theory of sandwich shells with soft core are presented. These involve the buckling and postbuckling of flat and
circular cylindrical shells compressed by uniaxially edge loads, and the influence played in this respect by a number
of geometrical and physical parameters is highlighted. Also contained are comparisonsof buckling results obtained
in the context of the present theoretical model with the ones obtained experimentally, and reasonable agreements

are reported.

Nomenclature
Aup, Ay = stiffness quantities associated with the facings
and their inverted counterparts, respectively
a = the distance between the global midsurface and

the midsurface of facings
Bp, Dop, Fop = stiffness quantities associated with the facings

Cy,C, = geometrical quantities [Eqs. (26)]

Cop = two-dimensional permutation symbol

E, E = in-plane Young’s moduli

e = three-dimensionalstrain tensor

G3, G23 = transverse shear moduli of the core

Hyp Hop, Log = modified stress couple measures [Eqgs. (19)]

h, h, H = thickness of the facings, that of the core, and the
total thickness of the structure, respectively

k, k = measures of transverse shear flexibility for the
entire structure in the case of isotropic faces and
transversely isotropic core and of orthotropic
faces and orthotropic core, respectively

Ly, L, = length and width of the flat/curved panel

Mo, Nep = stress couples and stress resultants measures

- [Egs. (20) and (21)]

Niz, Ny = transverse shear stress resultants associated with
the core

T/ = dimensionless form of the normal edge loads

‘&( g:{ = elastic moduli and their modified counterparts,

_ respectively

QOus, Oss = transverse shear moduli associated with the core

q3 = transverse load

R, R = principal radii of curvature of the global
midsurface

r = dimensionless thickness ratio

Sii = second Piola—Kirchhoff stress tensor

V3, % = transversaldeflection and initial geometric
imperfection, respectively

Xg» X3 = tangential and the thicknesswise coordinate,

respectively
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o = measure of the curvature of the circular
cylindrical panel

A = end-shortening in the x; direction

S> Bn = dimensionless amplitude of transverse
deflection and initial geometric imperfections,
respectively

€ = two-dimensional strain measures

Aijs 1 j = reduced thermal expansion and moisture
swelling coefficients, respectively

Aoy yam =mnl/ L, nnl L,

& N = two-dimensional tangential displacement

measures [Eqgs. (8)]
Airy’s potential function
= panel aspect ratio

Subscripts, Superscripts, and Underscoring Signs

(s (e = quantities associated with the face and core
layers, respectively
()i =0( )/ Ox;
() (s = derivitives of () with respect to the coordinates
_ normal and tangentialto an edge, respectively
(), (Y, ()  =quantities affiliated with the bottom, upper, and
core layers, respectively
Q = prescribed quantity
Introduction

HE next generationof supersonichypersonic flight and launch

vehicles has to be designed to meet increasingly stringent per-
formance requirements. They are likely to operate in hostile en-
vironments consisting of high temperature, moisture, and pressure
fields. Moreover, these vehicles will typically experiencethese load-
ings in a dynamic environment. Of great promise toward the suc-
cessful solution of a number of technical challenges raised by the
design of these advanced space vehicles is the ongoing integration
in their construction of composite material systems. In this sense,
the sandwich-type constructions can be viewed as a special type of
laminated composite structures.

The sandwich structures encompass a number of properties of
exceptional importance toward fulfillment of the high exigencies
imposed upon these vehicles. Among others they feature 1) high
bending stiffness characteristics with little resultant weight penalty,
2)asmootheraerodynamicsurfacein ahigher-speedrange, 3) excel-
lent thermal and sound insulationand increased strength at elevated
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temperatures, and 4) a longer operational time as compared with
stiffened-reinforcedstructures that are weakened by the appearance
of stress concentration.

Characteristicfor the standard sandwich-type constructionscom-
posed traditionally of a thick core and two identical metallic thin
face layers is their capacity to carry the various load components in
a specialized way; in the sense that the bending moments are pre-
dominatelytaken up as tensile and compressive stresses in the faces,
whereas the core is designated to carry transverse forces in terms
of shear stresses. The possibility to design the faces and the core
accordingto their specific needs yields the high overall stiffness and
strength per unit weight of such constructions.

However, exact separation of tasks, as considered in their classi-
cal modelings, becomes questionable when dealing with advanced
sandwich-type constructions. Increasing core stiffness can signif-
icantly contribute to the overall membrane and bending stiffness
while the increasing integration of anisotropic composite materials
in the relatively thick face layers should be followed by the incor-
poration of transverse shear effects in the faces. Moreover, as the
face layers of advanced sandwich structures are likely to be com-
posed of anisotropic fiber-reinforced laminated composites featur-
ing symmetry/nonsymmetry properties with respect to their own
midsurfaces and to that of the core layer, additional couplings are
induced whose implications have to be emphasized. Due to all of
these new features, to predict accurately their load-carrying capac-
ity and static/dynamic response behavior, more advanced models of
sandwich-type constructions are needed.

The goal of the present paper is to develop such a comprehen-
sive sandwich-type structural model capable of providing accurate
predictions of its static and dynamic behavior under complex me-
chanical and thermal loads in the pre- and postbuckling ranges.
Specialized variants of the obtained equations are used to study the
buckling/postbucklingbehaviorof compressively loaded flat/curved
sandwich panels, and comparisons with available experimentaldata
are recorded.

In spite of the considerable importance of this problem, a modest
amount of related work can be found in the literature. Here, only a
few papers that are pertinent to the present developments, such as
Refs. 1-5 and Refs. 6-9, which are devoted to the theory of flat and
curved sandwich constructions, respectively, are mentioned. For a
comprehensive and most recent survey of the status, achievements,
andtrendsinthe modelingof sandwichplatesand shells, see Ref. 10.

Basic Assumptions

The global middle surface of the structure selected to coincide
with that of the core layer is referred to as a curvilinear and or-
thogonal coordinate system x, (o= 1, 2). The transverse normal
coordinate x; is considered positive when measured in the direc-
tion of the downward normal to the midsurface. We also assume
that the uniform thickness of the core is 2 /i, whereas those of the
bottom and upper faces are i/ and h#, respectively. As a result,
—(h+ hin) «x3 <(h+ h), and H(=2h + hi + hif) denotes the
total thickn&Ss ofthe structure. For the sake of identification, un-
less otherwise stated, the quantities associated with the core will be
accompanied by a superposed bar, whereas those associated with
the lower and upper faces will be accompanied by single and dou-
ble primes, respectively, placed on the right or left of the respec-
tive quantity. In the forthcoming developments, in addition to the
(global) midsurface of the structure, the midsurfaces of the upper
and bottomcomposite facings will also be consideredin the analysis.

The geometrically nonlinear theory of doubly curved sandwich
shells developed herein is based on a number of assumptions:
1) The face sheets are constructed of a number of orthotropic ma-
terial layers, the axes of orthotropy of the individual plies, being
not necessarily coincident with the geometrical axes x, of the struc-
ture. 2) The core material features orthotropic properties, the axes
of orthotropy being parallel to the geometrical axes xq. It is also
assumed that the thickness of the core is much larger than the thick-
nesses of the face sheets, i.e.,2 /1 = ht, hit. 3) The developedtheory
encompassesthe cases of both wea?and strong core sandwichstruc-
tures. In the former case, the core is capable of carrying transverse
shear stresses only, whereas in the latter one, the core can carry both
tangentialand transverseshear stresses. The method enablingone to

obtain the equations of sandwich shells with weak core as a special
case of those associated with strong core is properly indicated.4) A
perfect bonding between the face sheets and between the faces and
the core is postulated. 5) The core and face layers are incompress-
ible in transverse normal direction. 6) The principles of shallow
shell theory are applied in this study.

Displacement Field
The three-dimensionaldisplacement field in the facings and core
is represented as follows. _ _
For the bottom facings (1 «x3 < h + h/):

Wi(xas x3) = V{(xa) + (x5 —al) Y (xa) (1a)
Wa(Xar X3) = IV(xXa) + (x3 — al) Yh(xa) (1b)
W3 (Xas X3) = 3(Xe) (le)

For the core layer (__h <X < _h):

Vi(xas X3) = V0(xa) + X3 YA (xa) (2a)
V(X X3) = V3(xa) + X3 Y5 (x0) (2b)
V(X %3) = V3(Xa) (2¢)

For the top facing (_71 — i < x;3 <__h):

Wi(Xay x3) = IV Y(xa) + (x5 + all) Yl(xq) (3a)
WX X3) = MV ) (xXe) + (X3 + all) Yl (xq) (3b)
M3 (Xay X3) = 3(Xa) (30)

In these equations, V%, yg; W0, wy; and V%, s denote the
tangential displacements of the points of the midsurface and the
shear angle rotations of the bottom and upper face sheets and of
the core layer, respectively, whereas a/(— h + h//2) and al(—
h + hul 2) denote the distances between the global midsurface and
the midsurfacesof the bottomand top facings,respectively. Needless
to say, in the dynamic case, all the displacement quantities as well
as the strain and stress measures (to be defined later) are functions
of the time variable, as well.

Fulfillment of the kinematiccontinuity conditionsat the interfaces
between the core and facings, from Eqgs. (1-3) and in the light of
assumption 5, implying

vy =llvy = V3 =3 4

the three-dimensionaldisplacement components result as follows.
For h <% <L h+ hi:

Wi(xa, x3) = &G (¥Xa) + M(Xa) + (x5 —al) Yi(xa) (5a)
W (Xas X3) = &(%a) + Mh(Xa) + (x5 —al) IYs(Xa) (5b)

WV3(Xa, X3) = ¥3(xa) (5¢)
For _h «x3 < h:
7 (e 02) = &) — W (Xa) — My
+(xal 1) fn(xa) — [ (xa) + M yp(xa)] } (6a)
Vs X3) = &(%a) — LM YA(Xa) + 1h ()]
+ (xs/ ) {1p(x2) — L[ yA(xa) + 1y (xe)] ) (6b)
V3(Xa» X3) = ¥3(Xa) (6¢)

For _h _hn <X3 <_h:
Wi (Xas x3) = &(Xa) —Mi(¥Xa) + (X3 4 all) Iy (xe) (7a)
W(Xas x3) = &(Xa) —Th(¥Xa) + (X3 4 all) Iys(xa) (7b)

M3(Xe X3) = v3(Xa) (7c)
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In these equations, the new two-dimensional tangential displace-
ment measures &,(x;, x;) and 1,(x;, x,) are defined as

v+

= — 8

& 3 (8a)
wo_m

n= % (8b)
WO+

§=—5— (8c)
w9 _m9

n= % (8d)

Hence, the two-dimensional displacement measures reduce to nine
functions, namely, §, &, 11, 1h, v3, /YA, YA, Iy, and Iys. Assum-
ing that the structurealso featuresa stress-free initial geometric im-
perfection I3[ — 3(x¢)] and adopting the concept of small strains
and moderately small rotations,!! the three-dimensional strain-
displacement relationship in Lagrangian description is

2 = Vi Vi Vo Vagy + Vg Py + Py Vg ©)

By convention, the transverse deflection is measured from the im-
perfect surface, in the positive, inward direction. In Eq. (9), ( ),»”j
denotes the covariant derivative with respect to the metric of the
three-dimensionalspace. Using the relationships between covariant
derivatives of space and surface tensors (see Refs. 5 and 12), from
Eqgs. (5-9) and consistent with the concept of shallow shells, the
following strain distribution is obtained.
In the bottom facing (1 « X3 < 1 + h/):

leyy =l + (x3 —al)K, (10a)
leyy = Igy + (X3 —al)Kg, (10b)
2le1y = Iy + (x3 —alK, (10c)
Yers = s (10d)
ess = Iy (10¢)

In the core layer (__h <X < _h):

el = &1 + X3k (11a)
en = & + X3Kn (11b)
2e12 = Y2 + X3Ki2 (1Ic)
2e13 = i3 (11d)
26y, = 5’23 (1Te)

In the upper facing (__h —hil «x3 <__h):

lley, = Ngyy + (X3 + alf) i} (12a)
llesy = Ngyy + (x3 + all) ) (12b)
ey = My + (x3 + all) Kb, (12¢)
ey = My (12d)
ey = M3 (12e)

In these equations, &1, &, &2(= 12/2), &3(= %13/ 2), and &3(=
123/ 2) denote the two-dimensional tangential and the transverse
shear strain measures, respectively. Their expressions in terms
of the two-dimensional displacement measures are displayed in
Appendix 1.

When the Love—Kirchhoff hypothesis is adopted for both the up-
per and bottom face sheets, Egs. (5-7) should be specialized, in the
sense of Y, = yj = _0v3/0xq.

Furthermore, for symmetric sandwich structures,one should con-
sider

W= hi =h (13a)
al = al(=a) = h+h/2 (13b)

For some other modeling issues related to the theory of sandwich
plates, the reader is referred to Ref. 13.

Equations of Equilibrium/Motion
and Boundary Conditions

The Hamilton variationalprinciple is used to derive the equations
of equilibrium/motion and the boundary conditions of the theory of
shallow sandwich shells. This variational principle may be stated as

5J:5] [l(U_W_T)dt:O (14)

]

where £, and # are two arbitrary instants of time; U denotes the
strain energy; W denotes the work done by surface tractions, edge
loads, and body forces; T denotes the kinetic energy of the three-
dimensional body of the sandwich structure; and ddenotes the vari-
ation operator.

For the various parts of the variational equation, we have

1 h+h +h_
oU = 516 ]71 /Sij&,[j+] : Sij&fj

—h
+] ] //S,j&,q.] dx;do G, j=1,23) (15)
—h_hy

where the usual summation convention over a repeated index is
employed; S;; denotes the second Piola—Kirchhoff stress tensor and
o denotes the undeformed midsurface of the sandwich shell. In
addition,

1 1 T+ ht .
] ordr= _] dr ] ] 1oV 6V dx;
10 N o h

h . _h .
+] _ pVioV; dx; +] o 1pVidV; dx3] (16)
_h

where it was considered that V; = 0 at t = ¢, #;, and

T+ ht )
SW:] H p}LSI/,deX3+] | PH .V, dodx,
o h h

_
+] i IPESI/fdex,z] +] S0V dQ (17)
—h_hy

Q

In Egs. (16) and (17), the superposed dots denote time derivatives,
p denotes the mass density, S; = S;;n; are the components of the
stress vector prescribed on the part £, of the external boundary (2,
n; denotes the components of the outward unit vector normal to €2,
and H; denotes the components of the body force vector.

From Eq. (14), considered in conjunction with Egs. (15-17), and
with the strain-displacement relationships (10-12) (used as sub-
sidiary conditions), carrying out the integration with respect to
x3 and integrating by parts wherever feasible, using the expres-
sion of global stress resultants and stress couples (to be defined
later), and invoking the arbitrary and independent character of vari-
ations 6§, 6&, oy, orp, Sy1, Sy, Sy, Sy, and Sv;, one derives
the equations of equilibrium/motion and the boundary conditions.
Uponretainingonly the transversalload and transverseinertiaterms,
the equations of motion are

8§ : N+ Ny =0 (18a)
0&: Nyps+ Nipy =0 (18b)
O L+ Lo _N3=0 (18¢c)
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Shi Lyo+ Ling —Nu=0 (18d)
Sy Hyyy + Hyps+ Njy _(hil47) N3 = 0 (18¢)
SyA: Hoss + Hizy + Niy _ (W47 Nos = 0 (180
Syp: Hyyy + Hypy + Ny + (W] 4T) Ny = 0 (18g)
Swl: Hy s + Hysy + Niy — (W1 4T) Ny = 0 (18h)

83 Nilvsii + #5014+ L/ RD + 2Nio(vs12 + #5.10)

+ No(v3 o+ 500+ 1/ R) + Nisi + Nos o + g3 —myv3 = 0
(181)

In these equations, 1/ R, and 1/ R, denote the principal curvatures
of the global middle surface, ( ) o[— 0( )/ 0x4] denotes the partial
differentiation with respect to the surface coordinate xg, g3 is the
distributed transversal load, and m, denotes the reduced mass per
unitarea of the shell midsurface. As concernsthe globalstress resul-
tants and stress couples in terms of which Egs. (18) are expressed,
these are defined as

Ni = N, + Ny + Ny, (12) (19a)
Niy = N, + Ny + Ng, (19b)

Nis= Nz + Nis + NJj (12) (19¢)
L = h(N{, — N{t) + My, (12) (19d)
Ly = h(N{, — Np) + My (19)

Hyy = (il 4)(Nyy + My / iy — My, (12 (190

Hyy = (bl 4)(Nia + Mol ) — My, (19g)

Hyy = (il 4)(Nyy — M h) + My, (12 (19h)

Hyy = (Wil 4)(Ny — Mol Ty + My, (19i)

where the sign (1 2 indicates that the expressions of the stress
resultants and stress couples not explicitly written can be obtained
from the ones just displayed upon replacing subscript 1 by 2 and
vice versa.

In Egs. (19), consistent with the concept of shallow shell theory,
the stress resultants and stress couples associated with the bottom
facings and the core are, respectively,

nl (x3)k
{Nip- Mig}= ' (Sep)ifl. s —la}dy (20a)

(xX3)k _1

nl ()
Niz = Zj (Sas)ic dxs (ap=12) (20b)

(x3)k_1

and

- - h -
{Nog Mep} = ]  Sapfls xsyd (21a)

-— h -—
No3 :] _ Sea dx3 (21b)
—h

The stress resultants and stress couples for the upper facings can
be obtained from Egs. (20) by replacing single primes by double
primes, a/ by _all and n/ by nil. Herein, n/ and n# denote the number
of layers constitutentto the bottom and upper facings, respectively,
whereas (x3); and (x3)x_1 denote the distances from the global
reference surface (coinciding with that of the core layer) to the
upper and bottom interfaces of the kth layer, respectively. These
definitions of stress resultants and stress couples are similar to the
ones in Refs. 4 and 5.

The associated boundary conditions at the edge x,, = const (n =
1, 2) result as

Nyw=Nw or  §=§, (22a)

Ny = Nu or &E=¢ (22b)

L,=L, o m=n, (22¢)

L,=L, o n=n, (22d)

Hy=H, or  w=uy, (22¢)

Hy=H, o y=y (220)

Hy=H, o yi=uyl (22¢)

Hi=H, o y=yw (22h)

NoOvs 950 + NuwOva +93,) + N3 = Nz or v3=;
(22i)

Here the subscripts # and ¢ are used to designate the normal and
tangential in-plane directions to an edge, and hence n =1 when
t = 2 and vice versa.

Special Cases
A. Discard of Transverse Shear Effects in the Facings
Inthe case of thin facingsor when the constituentmaterials feature
large transverse shear stiffness characteristics, the Love—Kirchhoff
hypothesis can be adopted for the facings.
In this case, from the variational principle, Eq. (14), using Eqs.
(13a) properly, the equations of equilibrium/motion become

5 N+ Nipp=0 (23a)
051 Nppp+ Nipi =0 (23b)
Sh: Liy+ Liny —Ni3=0 (23¢c)
Sh: Lons+ Ling — N3 =0 (23d)

&3 Nu(vs + #5014+ U/ RD + 2Nio(vaa + #5.10)
+ Np(v3o0+ %0+ 1/ R) _Cz(]_vu_u + 2]_\712_12 + ]_\722_22)
+ (M +2Mpp 04+ My )+ (14 Cl/_h)

X(Z_VIS.I + ]_\723_2) +q3 _mev3; =0 (23e)

Similarily, the associated boundary conditions become

Ny =Nuw or  §=§ (24a)
N, = N, or &E=¢ (24b)
Lyy=Lyw or m,=1, (24¢)
L,=L, or n=n (24d)

C2 ]_Vrm - Mnn = CZZ_Vnn —_ Mnn or Vin = V3n (246)

Nnt(v3.t + ‘93.1) + Nnn(VS.n + ‘93.}1) + Mrm.n

+2M,, —Co( Ny + 2N, ) + (14 C/ )N,

= _ColNuii+ Mot + Nua or V3 =1DV3 (240
Note that, in contrastto the case of sandwich structures whose faces
are flexible in transverseshear (when nine boundary conditionshave
to be prescribedat each edge), in this special case only six boundary
conditions have to be prescribed. This implies that, consistent with
the number of boundary conditions, in the former case the system
of governing equations should be of the 18th order, whereas in the
latter one it should be of the 12th order.
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Equations (23) and (24) specialized for the case of flat sandwich
plates coincide with those derived in Refs. 4 and 5.

InEgs. (23)and (24),the globalstressresultantsand stresscouples
are defined as

Ny = INiy + Niy + 1Ny (12) (25a)
Niz = INiy + Npp + INp (25b)
Li = h(INy _INy) + My (12) (25¢)
Ly = h(!Niy —IN) + My, (25d)
My = IMy, + 1My —(C] )My, (12 (25¢)
Mys = IMy, + My, —(Cy] )M, (25)
where

C = hi+ hi (26a)

4
C, = I’l/zhll (26b)

B. Soft Core Sandwich Shell _ _

In the case of the soft core sandwich structures, Nog and Meg
should be consideredzero-valuedquantitiesin the expressionsof the
globalstressresultantsand stress couples[Egs. (25)]. As aresult, the
proper equations for this case can be obtained in a straightforward
manner.

Constitutive Equations

Preparatory to the derivation of constitutive equations for sand-
wich shells, it should be recalled that within the three-dimensional
geometrically nonlinear elasticity theory the constitutive equations
are described by linear relationships between the second Piola—
Kirchhoff stress and Lagrange strain tensor components.

Asaresult, for an anisotropicmaterial featuring monoclinic sym-
metry and including the temperature and moisture effects, the gen-
eralized Hooke law can be expressed as

Si1 Ou On Qi |[en i Lt
Snl=[0n 0n 0x Pen\_J 2T _JimlM
Stz Ois Ox Qe [|2e12 A Lo
(27a)
S3 ) Ou Oss] (2e2
=K 27b
{SIS} Qs Oss| |2en (27b)

(see Ref. 14). In these equations, S;; denotes the second Piola—
Kirchhoff stress tensor,AQ,»j[E 0 — (03 ng/ 033)] are the re-
duced elastic moduli, A;[—= A; — (Qn/ 033)A3)] and Lu;[—
Wij — (0p3/ O33)33)] denote the reduced thermal expansion and
moisture swelling coefficients, respectively, where 7[—= T (xq, X3)]
and M[— M(xq, x3)] denote the excess of temperature and mois-
ture with respect to free stress temperature and moisture 7, and M,
respectively. Herein the index 7 takes the values 1, 2, or 6 when the
pair of indices ij assumes the values 11, 22, or 12, respectively.

Because the anisotropic material featuring a monoclinic symme-
try can simulate an orthotropic material whose axes of orthotropy
are rotated with respect to the geometrical axes of the structure,
the elastic, thermal, and moisture moduli, Q;;, A;;, and 1 ;> Tespec-
tively, can be expressed in terms of the associated elastic, thermal
expansion, and moisture swelling moduli in the on-axis configura-
tion and the angles by which the principal material axes are rotated
with respect to the geometrical ones, i.e., the ply angles. These re-
lationships are not displayed here.

Employment in Egs. (20) of Egs. (27) results in the constitutive
equations for the bottom facings. These are expressed in compact
form as

INu = A 8, + A8, + AgY + Ef K,

+ Ef,14, + EfgK, —’N1T1 —INYy ¢ 4:2) (28a)

INi2 = A8, + A8, + Afs ¥, + EfsK,

+ Ebi, + Efgil, —IN}, _IN}; (28b)
INyy = IK*[IAss Vi + 1 Ass V5] (28¢)
INis = IK?[1 Aas vy + 1 4ss V5] (28d)

M\ = E{, &, + E,&,+ Els¥, + F{,1,
+ Flyid, + Flgi, /My _IM};
IM> = E{c&, + Elc8, + Els v, + Fls1,

+ Figihy + Flgily —IMj, /M7 (28f)

(12 (28¢)

The stiffness quantities appearing in Eqs. (28) are defined as

W ()

(AQLp)w)(l, x3, x3) dxs

(xX3)k_1

{A Bly Dlp}=
(0 p=1,2,6) (29)

n/ (xX3)k
Ay, = IK> Z’ (04,)dx; (I,J=4,5  (29b)

(¥3)k_1

(xX3)k_1

n/ 3k
INgs = z:’ (I ap)i T dx; (29¢)

W ()
/N%:Zj (Rtog)e M dxs (29d)

(x3)k_1

np () R
My = § :’ (x5 —al (I Aap)i T dox (29)

(X3)k_1

n/ (xX3)k
/g;;:zf (5 —a)(ep) Mdx; (o f=1,2) (29)

(xX3)k_1

whereas
El, = Bl, _al 4], (30a)
Fl, = Dy, _2alBl, +al 4, (30b)

The expression of stress resultants and stress couples for the upper
facings can be formally obtained from Egs. (28) by replacing the
single prime by double primes. In the case when bottom and upper
facings feature full symmetry about their own midsurfaces, E,, and
Ey, —0.

{{FpoTthe core layer considered as an orthotropic body (the axes of
orthotropy coinciding with the geometrical axes), the constitutive
equations are

Nip = 2h[QuEn + QuEn] — Nf, V] (12 (la)

]_\712 =2 QGG?H (31b)
(1(:)2) (31c)

(12 (1d)

]_\713 = z_hl_(z sti’u

- -3 = _ - - = -
My = 207 [0nk + Q] M M,

—3-
M, = %h Oss Ki2 (31e)

where

- - T -
(Neg. Mg :] (1, x3) AT dxs (aa B=1,2) (32a)
)
_ _ h
(N, M) = ] (1, x3) Fep M dixs (32b)
—h
In Eqgs. (28), (29), and (31), K2 and K? denote transverse shear
correction factors associated with facings and core, respectively.
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Governing Equations
Preliminaries

One possible and most straightforwardrepresentationof the gov-
erning equations in the theory of shells in general and of sandwich-
type structures in particular is that in terms of displacement quanti-
ties. However, as the recentresults in the area reveal, the formulation
of shear deformable shallow shell theory in terms of Airy’s potential
function, the transversaldeflection, and a transverse shear potential
function presents many advantages, especially in the study of their
buckling and postbuckling response, e.g., Refs. 15-18.

For sandwich structures, however, only in special cases this type
of formulation can exactly be applied. One notable case for which
this representationcan be carried out is that of weak core sandwich
shells/plates with symmetrically distributed faces about both the
global and local midsurfaces. In the forthcoming developments this
representationis applied to this type of sandwich shells/plates.

Weak-Core Sandwich-Type Shells/Plates

To get a better understanding of the influence played by a num-
ber of effects on buckling and postbuckling responses of sandwich
shells/plates with weak cores, this formulation will be restricted to
the case of 1) thin face sheets, thus enabling one to discard trans-
verse shear effects in the facings, 2) restrictionto the static case and
the absence of temperature and moisture effects, 3) consideration
of circular cylindrical panels and of their flat counterparts, and 4)
consideration of symmetric sandwich constructions, implying that
the upper and bottom face sheets feature the same thickness and
identical stacking sequence and are both symmetrically laminated
about their respective midsurfaces.

Under such conditions, the exact fulfillment of Eqs. (23a) and
(23b) results in the representation

Ni=¢» (33a)
Ny = (33b)
No=_¢d1» (33¢)

where @ — @(x,) is Airy’s potential function. With the help of Eqgs.
(33) and by virtue of assumption 4) implying

Ay = Allg = Ao (34a)

Flg= Fljp = Fup (34b)

Elg= Ejjg=0 (34¢)

W=al =a, W=h=h  C=0 (34d)

the remaining equations of equilibrium (23c-23e) expressed in
terms of Airy’s potential function and the displacement quantities
become

At + Aiethin + Assio + (A + Ase)Th 12 + 24167012

+ ArTh 22 _(21_(2(_;13/_}1)(771 +avy1) =0

(12)

(35)
Gz + 00+ R+ @1(vin+ %0+ 1/R)

_2¢1(vsn+ ®i12) — Fiivsin — Povsom —4Fevaiin
—4F¢v312: —2(Fia + 2Fs6) vaaioa + (2K* al h)
X{E;IS(TILI +avsn) + Gu(tha + aV3_zz)}+ g3 =0 (35b)

Recalling that the equations of equilibrium (23a) and (23b) are
identically fulfilled via the use of the stress potential function, to
ensure single valued displacements, the compatibility equation for
the membrane strains has to be satisfied as well.

For the problem at hand the compatibility equation is

S+ &1t — V2 + 2 R)vs o + 2/ R)va 1 —2V§_12

+ 2v3 1130+ 2% 11300 — A3 0% 10+ 2v3 118520 = 0
(36)

where

&n = len + e, &n = 16 + ey, Yi2 = M2+ iz
To express this equation in terms of the basic unknown functions,
a partial inversion of constitutive equations (28a) has to be carried

out. With the use of these equations, Eq. (36) reduces to

A% Q1111+ A Gaoon 2451200 24500111
+ (A% + 245) P11 + (2] R)van + (2] R)va _2V32_12

+ 2v311v320 4+ 2% 1130 + 20311 P 0 —4v3 12751, =0
(37

Equation (37) is included as a primary field equation of the nonlin-
ear boundary value problem along with Egs. (35). As a result, the
equations for the problemat hand reduce to four partial differential
equations expressed in terms of the functions 1;, 1, v3, and ¢.

In connection with the stiffness quantities /4%, = 1A%, = A%,
(w, p=1, 2, 6) appearing in Eq. (37), /4, and /iy, represent the
inverted counterparts of /4., and /A4, respectively.

Postbuckling Solution

The governingequationsof shallow circularcylindricalsandwich
panels with weak cores as expressed by Eqgs. (35) and (37) repre-
sent an extension of those known under the name of von Karman—
Marguerre-Mushtary, which are pertinent to the classicalnonlinear
shallow shell theory (e.g., Ref. 5), of their shear deformable coun-
terpart (e.g., Refs. 15-18), as well as of the governing equations of
flat sandwich panels as derived in Refs. 4 and 5.

To assessthe influence played by anumberof nonclassicaleffects,
in addition to the assumptions stated earlier, the case of sandwich
constructions featuring cross-ply laminated facings is considered,
lmplymg Am = A26 =0and F16 = F26 =0.

The analysis will be confined to simply supported boundary con-
ditions. Because for geometrically nonlinear problems the bend-
ing and stretching problems are coupled, in addition to the bend-
ing boundary conditions, the ones associated with the tangential
boundary conditions also have to be fulfilled. The formulation of
the latter ones gives rise to two tangential types of boundary condi-
tions, referred to hereinas movable and immovable edge conditions.
These correspondto the case when the motion of the unloadededges
is either unrestrained or completely restrained, respectively, in the
plane tangent to the structure’s midsurface, normal to the respective
edge. As a result we have the following cases. Case I: Edges x,, =
const (n=1, 2) are compressed and freely movable. In this case,
along these edges the following conditions have to be fulfilled:

Now = —_Non (38a)
Ny=0 (38b)
= (38c)
n=20 (38d)
M, =0 (38e)
v3=0 (381)

Case II: Edges x,, = constare unloadedand immovable. Inthis case,

&E=0 (39)
N, =0 (39b)
=0 (39¢)
=0 (39d)
M,, =0 (39%)
y3=0 (391)
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As earlier, n and ¢ designate the normal and tangential in-plane
directions to an edge.

The condition expressing the immovability conditions &, = 0 on
x, = const is fulfilled in an average sense as

Ly Ly
] ] % dx, dx, = 0
0 Jo aXn

This condition, in conjunction with Eq. (A1) from the Appendix,
providesthe fictitiousedge load IV, , renderingthe edges x,, = const
immovable.

The expressionof transverse deflection satisfying the simply sup-
ported boundary conditions is

V3(X1, Xz) = Wi sin )'mxl sin M X2

(m=1,2,...,M; n=12,...,N) (40a)

where A, =mn/ L, w,=nnl L,, and w,, are the modal ampli-
tudes, whereas L, and L, are the panel side edges. Following the
results of Ref. 19, the representationof initial geometric imperfec-
tions resulting, for the problem at hand, in the most critical post-
buckling conditions is

W3(X1, X2) = Wy SID Ay xp SID L4, X0 (40b)

where 18, are the model amplitudes of the initial geometric imper-
fection shape. Moreover, the stress function ¢ is expressed as

(x0) = Pi(xw) — 2(N11x3 + Noxi _2N1xix2) (41

(see Refs. 5 and 20), where, as shown (see Refs. 16-18 and 20),
Ni1, N2, and Ny, represent the average compressive and shear
edge loads whereas ¢; is a particular solution of Eq. (37). Replac-
ing Eq. (40) into the compatibility equation (37) and solving the
resultingnonhomogeneouspartial differentiationequation yield the
expressionof ¢, as

O1(xe) = A cos 24, x1 + Ay cos 214, X, + Az sin A, x; sin W, x,
(42)
Similarly, the two coupled equations,namely, Eq. (35a)and its coun-
terpart obtained by applying the change (1 «2), can be solved to
get

M(xw) = By cos A,x sin f,x; (43a)

h(xe) = C1 8in A,x) coOs L, x) (43b)

Furthermore, the use of Egs. (33) in conjunction with the expres-
sion of Ngg in terms of the displacementquantities and of Eqs. (42)
and (43) enables one to obtain the displacements & (x,) and & (xy).
Due to their intricacy, these expressionsof those coefficients B; and
C, in Egs. (43) and of the coefficients 4; (i = 1, 2, 3) in Egs. (42)
are not recorded here.

One of the methods yielding the postbucklingequations in terms
of the modal amplitudes w,,, is to solve Eq. (35b) in the Galerkin
sense (e.g., Refs. 18 and 20). However, a more inclusive method,
enabling one, among others, to compensate the nonfulfillment of
certain boundary conditions, such as of static ones, rests on the use
of the extended Galerkin method (e.g., Ref. 21). To this end, replac-
ing the expressions of @, v3, ¥, 1y, 1, §, and & into the energy
functional, Eq. (14), and carrying out the indicated integrations re-
sultin the followingnonlinearalgebraicequationexpressedin terms
of the modal amplitudes &, (= W/ H) as

Pl[dnna &nna NM+ Pz[&nn’ &nn] =+ P3[8;nn’ Sjm’ dmza &nn]
+ Pn1lz[(NR2) + (NRI)] =0

(m=1,...,M; n=1,...,N) (44)

Inthis equation P;, P», and P; are linear, quadratic,and cubic poly-
nomials of the unknown modal amplitudes; P,,, are constants that
depend on the materialand geometric propertiesof the shell; Nand
j\g‘are normalized forms of normal edge loads to be definéd later;
and 8,,,(=P,.,/ H) denotes the modal imperfection amplitudes.

The equilibrium configurations for a given flat or curved panel
are determined by solving the nonlinearalgebraic equation (44) via
Newton’s method. As a byproduct, the values of nd ulfill-
ing the linearized counterpartof Egs. (44) correspondingto 0,,, = 0
can be obtained. These correspond to the buckling bifurcation’so-
lution. In the following, a number of numerical illustrations related
to the buckling and postbuckling behavior are displayed.

Results and Discussion
A. Comparisons with Available Experimental Data

Results on the buckling response predicted by the present struc-
tural model are compared with their experimental counterparts’?
and displayed in Tables 1 and 2.

In Table 1 a three-layer symmetric flat sandwich panel with
isotropic facings (of Dura-Aluminum, v= 0.3 and E=6.96 , 10°
kg/cm?) and a transversely isotropic weak core (of penoplast) uni-
axially compressed is considered.

The results associated with the tables show a reasonable agree-
ment. Note that the theoreticalresults reveal, in general, slight over-
predictions of the experimental ones. Considerationof unavoidable

Table1 Comparisons of theoretical and experimental buckling
predictions for a flat sandwich panel with transversely
isotropic core (simply supported edge conditions)

!Vuszlo3 kg

Case Lj,cm Lp,cm h,cm _h,cm 6’, kg/cm? Theory Exp. Error, %

60 40  0.05 0.425 99.4 379 3.60 +5.28
60 40  0.10 0.650 149.6 9.03 825 +9.45
40 60 0.10 0.700 117.1 11.30 12.30 _S8.13
0.10 1.400 96.5 17.40 16.00 +8.75
80 60  0.05 0.450 73.5 421 400 +5.25
80 60  0.05 0.450 74.1 424 410 +3.41

AL AW —
N
S
=N
S

Table2 Comparisons of theoretical and experimental buckling
predictions for a sandwich flat panel with orthotropic core
and isotropic faces (simply supported edge conditions)

N11L2X103kg

L, L, h, h Gy G,
Case cm cm cm cm kglem? kg/em?> Theory Exp. Error, %

1 60 40 0.05 045 1404 1008 529 585 _9.57
2 60 40 0.25 1.25 390.0 103.0 47.22 46.57 +1.11
3 60 40 0.25 1.15 337.0 97.0 3820 36.50 +4.66
4 80 60 0.10 095 138.1 78.6  17.34 1525 +13.7

/‘"}Lz
U

5.0
5 %
= % »/ T =
> 46 Ny
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i
o 40F
[=]
£
>
g
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1
8
5
s S0
[
U
£
o

25

k=02 0.1 0
2.0 1 1 'l 1 1 1

0.0 0.5 1.0 1.5 2.0 25 3.0
Panel aspect ratio ¥

Fig.1 Variation of dimensionless buckling coefficient ( /\f)cr VS panel
aspect ratio . Isotropic faces (vVf = 0.3 and n = 0.1) and transversely
isotropic core (k= 0, 0.1, and 0.2). In the inset, a sandwich flat panel is
depicted.
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initial geometric imperfections, which probably were present in the
tested model, would eliminate this disparity of results.

B. Buckling of Flat and Curved Sandwich Panels

The results pertinent to the buckling problem concern rectangu-
lar (L; v, L,) flat and circular cylindrical (R, = R, — R) sand-
wich panels simply supported on the whole confour, the mate-
rial of the core exhibiting transversely isotropic or orthotropic
properties. The results are plotted in the plane [( o> W)]. The
term ( « denotes the dimensionless uniaxial buckling load,
W(= L7/ 1,) defines the aspect ratio of the panel,and ( N[=
e W’), rn?/ (2 Fy)] denotes the dimensionlessTompressive
edge loads. The influence of a number of parameters on the buckling
behavior is highlighted in Figs. 1 and 2. _

Two _such parameters, k; and k, defined as k\[—= 7°Qxnh h/
(L3K?*G3)] for orthotropic faces and orthotropic core and k[—
72 B h/ (L2 K*G)]forisotropicfacesand transverselyisotropiccore,
constitute measures of transverse shear flexibility of the overall
structure; oﬁ{= Li(1 _ )/ [#* R*( h + h/2)*11is a measure of the
curvature of the circular cylindrical panel, and t{ — (2/ (2 h + h)]
defines the thickness ratio. -

In the context of the theory of sandwich structures with mem-
brane faces, implying 1 __, 0, the flexural stiffness characteristics

Dimensionless buckiing load, (N11)cr

2
02 04 06 08 10 1.2 14 16 18 20
Panel aspect ratio ¥

Fig.2 Variation of dimensionless buckling coefficient ( /\f)cr VS panel
aspect ratio (. Circular cylindrical panel (¢ = 2.5) withhonmembrane
faces (n = 0.1). Isotropic faces and transversely isotropic core. In the
inset, a sandwich circular cylindrical panel is depicted.

Dimensionless compressive edge load, N 11

Y 4
’ I .
] - - with imperfection
/ —— without imperfection
0 I 1 1 1 1 1 1
0.0 0.5 1.0 15 20 25 3.0
a) Dimensionless center deflection plus imperfection, 5 + 5,

of faces are considered zero-valued quantities, whereas the stretch-
ing stiffnesses are considered to be finite valued quantities.

Figure 1 displays the buckling response of flat sandwich panels
for various values of k of practical significance, in the context of
the nonmembrane concept for the facings. The results of this graph,
compared with the ones, not displayed here, obtained when the
membrane concept for the facings is adopted, reveal that, in contrast
to the former case, in the latter one the buckling load is slightly
underestimated. The strong influence played by transverse shear
flexibility of the core also becomes apparent, in the sense that, with
the increase of transverse shear stiffness of the core [implying the
decrease of the parameter k, (k;)], the buckling load increases.

Figure 2 presents the variation of the buckling loads of sand-
wich circular cylindrical panels with transversely isotropic core, as
a function of the aspect ratio. The results not displayed here reveal
that the increase of the shell curvature results in an increase of the
buckling load.

In the case of circular cylindrical sandwich panels with or-
thotropic core, the resultsnot displayed here reveal that the buckling
loads are larger than in the case of the transversely isotropic core
counterpart.

C. Postbuckling of Flat and Curved Panels

The postbucklingbehavior was numerically illustrated for the fol-
lowing cases: 1) flat panels with isotropic facings and transversely
isotropic core, 2) flat panels with orthotropic core and orthotropic
faces, 3) circular cylindrical panels with isotropic faces and trans-
versely isotropic core, and 4) circular cylindrical panels with or-
thotropic faces and orthotropic core.

Case 1 concerns simply supported panels whose edges are freely
movable in the directions normal to the edges in the plane parallel
to the midplane. Figures 3a and 3b display the postbuckling be-
havior of geometrically perfect/imperfect flat panels in the plane
(ME O+ &) and (A7 A)), respectively. Herein X = w,/ H) and
ﬁ w1/ H) defirié the dimensionless deflection and initial geo-
metric imperfection amplitudes in the first mode, whereas

Lip Ly
Al[E—(Lle)_I]O ]0 él.ldxldxz]

defines the end-shorteningin the x; direction. The results revealthat
the decreaseof E,/ G. (implyingthe increase of the core transverse
shear modulus) results in the increase of the load-carrying capacity
of the panel. At the same time, as clearly appears, flat panels feature
imperfection insensitivity. Herein and in the following illustrations,
in contrastto the previous conventions, the quantities affiliated with
the core and faces are associatedwith the index c and f', respectively.

6 —
=t
3
=l 7
- Z
3
P Za -
a4l Z E{/G, = 200
° 150
2
n
] 100
o 3 "%
£ 50
& 74
[*]
& 2r
K
o
2
w
g1
E — — with imperfection
o —— without imperfection
0 3 1 1 ]
0.00 0.02 0.04 0.06 0.08
b) Dimensionless end-shortening, A,

Fig. 3 a) Postbuckling response of sandwich flat panels (movable edges). Isotropic faces and transversely isotropic core (Ef/G. = 50, 100, 150, and
200; he/L=0.002, h/L = 0.03; ——, geometrically perfect; ———, geometrically imperfect (6 = 0.2). b) Behavior in the plane (N’ Ay).
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Fig.4 Counterpart of Fig. 5 for the case of immovable unloaded edges (x; = 0, £).
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Fig.5 a) Postbuckling response of sandwich flat panels (movable edges) for three values of the orthotropicity ratio E;/E, of the faces. Orthotropic
faces (G12/Ez)r = 0.6, (V21)r = 0.02, and orthotropic core (E2)fl(G13). = 10, (G13/G23). = 2.5, helL = 0.002, and h./L = 0.03; ——, geometrically
perfect; ———, geometrically imperfect (69 = 0.1). b) Behavior in the plane (N’ Ay).

Figure 4 represents the counterpart of Fig. 3 for the case of im-
movable unloaded edges (x, =0, L,). The results reveal that in
this case the buckling bifurcation is lower than the one associated
with the panel counterpartfeaturingmovable edges. However, in the
deep postbuckling range, an enhanced load-carrying capacity and
less sensitivity to the variation of E,/ G, as compared with those
featured by the movable edge panels are experienced.

In this case the results show also that in the postbuckling range
the load-carryingcapacity of the panel becomes less sensitiveto the
variationof E,/ G, as compared with the case of the panel featuring
movable edges.

For case 2, in Fig. 5 the postbucklingof panels featuring movable
edges is considered. Herein, the faces and the core are considered
to be orthotropic. In addition to the previously obtained results, it
becomes evident that the orthotropicity ratio Ei/ E; of the facings
plays an important role toward enhancing the load-carrying capac-
ity. In addition, the ( 7y A;) plot reveals that the increase of the
ratio E;/ E, tends to Pprevent the decay of bending stiffness in the
postbucklingrange.

For case 3, Figs. 6 and 7 depict the postbuckling of uniaxially
compressed circular cylindrical panels of square ( L v, L) projection
on a plane. As expected, the results reveal that the load-carrying
capacityofthe panelincreaseswith the increaseof the curvatureratio
L/ R, and with the increase of transverse shear stiffness of the core,
i.e., decrease of the ratio E ,»/ G.. Moreover, the results emerging

from these plots reveal a trend that is not common in the case of
the standard laminated curved shells (e.g.,Refs. 17 and 18), namely,
almost the total absence of the snap-throughbucklingand of the fact
that the load-carryingcapacity of the panel is no longer sensitive to
initial geometric imperfections. The similarity in this case between
the postbuckling response of a plate and shell is noteworthy. This
new trend is due to the larger total thickness and, consequently, of
the much larger bending stiffness featured by sandwich panels as
compared with that of standard laminated constructions.

Finally, results not displayed here obtained for uniaxially com-
pressed circular cylindrical panels featuring orthotropic case and
face sheets restate the already mentioned trends related with the
influence of orthotropy and curvature on the postbucklingresponse.

Other results involving buckling and postbuckling, not displayed
here, also deserve to be mentioned. For sandwich panels of small
curvature ratios L/ R,, the minimum buckling load and the least
load-carrying capacity of a circular cylindrical panel character-
ized by Ly = L, —L occurs at m=1,n=1. However, with the
increase of L/ Ry, the minimum buckling load can occur at values
of m(=m) = 1. Even so, the results reveal that in the postbuckling
range, with the increase of the deflection amplitude 5+ &, the mini-
mum load-carryingcapacity is given in succession by postbuckling
paths corresponding to m, m _1,...,1, m=1 being the mode
number providing the minimum load-carrying capacity in the deep
postbucklingrange.
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Fig. 6 a) Postbuckling response of circular cylindrical sandwich panels (movable edges) for three values of the curvature ratio (L/R = 1.2, 1, and
0.2). Isotropic faces (Vr = 0.3) and transversely isotropic core (Ef/G. = 50), he/L = 0.002, h./L = 0.03. b) Behavior in the plane (N’ Ar).
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Fig.7 a) Postbuckling response of circular cylindrical sandwich panels (movable edges) (L/R = 0.76) for four values of the ratio E¢/G. (50, 100, 150,
and 200), he/L = 0.002, h./L = 0.03, isotropic faces (vVr = 0.3), and transversely isotropic core. b) Behavior in the plane (N’ Ay).

Conclusions

Based on the equations of the three-dimensionalelasticity theory
in the Lagrangian description, a nonlinear theory of initially imper-
fect doubly curved sandwich shells has been developed. The theory
encompassesa number of effects that are essential toward a reliable
prediction of their static and dynamic response behavior. Special
cases of practical significance have been also described.

As applicationsof the derived theory, the buckling and postbuck-
ling of flat and circular cylindrical uniaxially compressed sandwich
panels have been analyzed.

Among others, it was revealed that bucklingresults of flat/circular
cylindrical panels based on this theory reasonably agree with the
ones obtained experimentally. It was also shown that in the cases
considered in the paper the beneficial behavior of sandwich curved
panelsconsistingof largerbucklingloads,as compared with their flat
structure counterparts, is not deteriorated in the postbucklingrange
by the occurrence of the snapping phenomenon featuring strong
intensities. This trend constitutes an important departure from the
one generally featured by compositeand noncompositeshells whose

load-carrying capacity is strongly affected by the emergence of the
snap-through phenomenon and is imperfection sensitive.

It is believed that the results of this work will be useful toward a
more rational design of sandwich constructionsused in today’s and
tomorrow’s high technology.

Appendix: Strain-Displacement Relationships
Bottom Facings

leyy = &1+ M+ %ng_l + 3081 —vs/ Ry (14:,2) (A1)

Wio=&Ga+ &1+ Mo+ Thi+Vvaivao+ ®ivsa+ 3P

(A2)
i3 = Wi+ vs (1=2) (A3)
Gy = i, (122 (A4)
Iy = Wha + ys 1 (AS)
Core Layer
&= Ga—g(hyg by )+ 5v3 05050/ R (1.2)
(A6)
To=Go+ & — MW, + i) — iy, + )]

+v3vaa+ P3van + V350 (A7)

K= (1 h) oy — Ly, + hya) ) (1.=2)
(A8)
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K= (1/h) {Th.z + b — LAY, + A ) + by, + ‘//5(1)]}
(A9)

Vo= (U D) fon g+ by} vy (152) (AL0)
Upper Facings

Meyy = &1 —1ha+ 2(v3)? + ®%51vs0 —vs/ Ry (122

(Al1)

My =G+ &1 Mo Th i+ Vvaivao+®ivaa+ v 1%, (Al2)

Mis = W + vs.4 (1 =2) (A13)

e, = i, (1.=2) (A14)

i, = Wil + W, (A15)
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